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Summary
The focus of this investigation is to perform an extensive study on
the mechanical behaviour of bulk metallic glass (BMG) and its compos-
ite (BMGC) at room temperature. A recently-developed thermal-coupled
nite-deformation constitutive framework based on balance law and ther-
modynamic principles is introduced to facilitate this study. This framework
is then adopted for specic situations.
Firstly, a non-local theory is proposed by introducing a gradient term
to the free energy, to study the size-eect of metallic glasses (MG). To
incorporate this model in terms of nite element methods (FEM), a weak
form of the free volume evolution law is developed; this treats the free
volume as a nodal variable instead of a state variable at integration points.
Furthermore, a gradient calculation method is proposed to determine the
non-local force term during nite element analysis. Some other numerical
techniques are also introduced to complete this computational framework.
This model is validated by comparing some simple benchmarks to Abaqus
FEM results, and is advanced and robust to handle complicated geometries
and irregular meshes. Moreover, dierent types of microscopic boundary
conditions for metallic glass can be easily imposed. This model is used to
study two types of size-eect for nano-sized MG. Type A implies that small
metallic glass sample can show post-yield work-hardening, while Type B
viii
indicates that the yield strength of small-volume metallic glass varies with
respect to its sample size. Numerical and theoretical analysis show that
Type A size-eect is caused by imposing of suitable microscopic boundary
condition, while Type B size-eect is inuenced by the initial heterogeneous
free volume distribution pattern.
Secondly, the constitutive framework is specialized to study the me-
chanical behaviour of a recently-developed in-situ La-based BMGC, and
various relevant experiments are undertaken. Specimens are prepared and
compressed at static and dynamic strain rates. It is found that no rate-
eect is evident for this type of material under static compression. However,
the ultimate stress is a little lower for dynamic loading. This is because
of adiabatic heat generation by the plastic deformation, which may cause
earlier major shear band propagation. Samples with dierent crystalline
volume fraction were also fabricated to study the eect of volume frac-
tion. A high-speed infrared (IR) camera was used to capture the temper-
ature prole during deformation, and thermographic images showed that
the sample deformed homogeneously from a macroscopic perspective. This
result prompts the possibility of applying a homogenization approach to
describe the material, leading to the proposition of a large-deformation
rate-independent thermo-mechanical constitutive model to study La-based
BMGC. Simulations are compared with experimental results, to demon-
strate the potential of application of this model to study various classes of
BMGC.
ix
The failure response of BMG is also analysed. Samples of La-based
BMG were tested under both static and dynamic compression to study
the eect of strain rate on this type of material. A high-speed optical
camera was used to capture visual images of shear band initiation, and a
hierarchical multi-scale temperature evolution model is proposed, based on
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A : B Scalar Product of tensors A and B
a  b Scalar product of vectors a and b
a
 b Tensor product of vectors a and b
devA Deviatoric part of tensor A




Amorphous metal, or metallic glass(MG), is a material with a disor-
dered atomic-scale structure. They are produced by rapid quenching of liq-
uid metals to prevent crystallization. The rst metallic glass was produced
from a liquid state of an Au-Si alloy [18]. Because of the requirement of
high quenching rates, metallic glass samples are generally conned to only
very small scales. From the 1970s, researchers started paying more atten-
tion to the possibility of synthesizing relatively large samples of metallic
glass, or so-called bulk metallic glasses (BMG), with dimensions of millime-
ter scale, such as Pd-Ni-P [19] and Pd-Cu-Si [20]. More recently, a metallic
glass called "Vitreloy 1", which can be fabricated via a lower cooling rate of
1K/s and cast in sizes up to several centimeters, has been developed by re-
search groups from Caltech [21]. Subsequent research found that this type
of material possesses relatively high strength and elastic strain properties
[22, 23], compared to classic crystalline metallic materials.
However, although metallic glass displays extensive plasticity and ho-
mogeneous deformation at high supercooled temperature, it behaves quite
brittle and undergoes catastrophic fracture by highly localised shear band-
ing at room temperature[1, 24], because of the lack of post-yield harden-
ing. This prohibited the use of metallic glass as a structural material, and
prompted the study of its mechanical behaviour in recent decades. Eorts
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have been made to make fully use of this material by researchers, and two
aspects of research are introduced and studied in this thesis.
Recent experimental results show that metallic glass is capable of
exhibiting post-yield work-hardening [8, 9], and a \smaller is stronger"
phenomenon[8], when the sample volume is reduced to a nano-scale. This
is a remarkable nding with regard to the application of metallic glasses in
the area of micro and nano-technology, such as precision tools and medical
implants [15, 25]. However, since the length scales of these samples are
too small to be studied by current techniques, the mechanism of these
properties are still unknown.
Another method to improve the ductility of metallic glass is to add
a reinforcement or second phase into the monolithic BMG material. The
groups from Caltech rst proposed the possibility of synthesizing BMG
matrix composite [26], and found that introducing tungsten and 1080 steel
wires into Zr41:25Ti13:75Cu12:5Ni10Be22:5 matrix greatly enhances the tough-
ness of the amorphous alloy [27]. Subsequently, another class of bulk metal-
lic glass composite (BMGC) were also synthesized by incorporating a crys-
talline phase formed in-situ [28]; this precipitated second phase was able
to constrain the propagation of shear bands, resulting in a large increase
in global plastic strain and impact resistance. However, reports on experi-
ments on BMGC other than Zr-based ones are still limited, and systematic
studies of dynamic loading of this type of material is even more scarce.
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Hence, further eorts to study the mechanical behaviour of this material
need to be undertaken.
It is recognised that BMG fails by the initiation and rapid propa-
gation of shear bands. However, since the thickness of these shear bands
is quite small ( 20nm) [29] and the duration of shear banding ( 1s)
[30] is quite short, it is dicult to examine the failure mechanism govern-
ing shear bands. Moreover, there is still no well-accepted theory on the
rate-sensitivity of BMG. Dierent rate-eects have been observed for dif-
ferent types of BMGs[24, 31, 32]. Hence, a study of the failure modes and
mechanisms in BMG, as well as its rate-sensitivity, would be of signicance.
Constitutive models are used to describe material behaviour, and fa-
cilitate experiments, especially for those that are dicult or expensive to
perform. After the establishment of free volume theory for BMG[1], some
constitutive models based on this have been formulated for various appli-
cations [33{35]. However, most of these focused on modelling BMG at high
temperatures. The model developed by Anand and Su [36] is capable of de-
scribing room temperature response, but their work focused on monolithic
BMG material. To date, little work has been done on constitutive mod-
elling of BMGC at room temperature. Moreover, to examine the size eect
of metallic glass, Thamburaja [37] proposed a non-local theory to study
shear band behaviour of very small metallic glass samples. However, nu-
merical diculties are encountered when dealing with the Laplacian term,
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and this limits implementation of his model. Therefore, work is still needed
for the development of suitable constitutive models for BMG/BMGC.
The objective of this study is therefore to identify deformation mech-
anisms for both nano-sized MG and in-situ BMGC at room temperature,
as well as to examine how failure develops in BMG, via constitutive mod-
elling and experiments. The outline of this thesis is as follows: Chapter
2 reviews the mechanical behaviour of BMG/BMGC in detail. In Chap-
ter 3, a general constitutive model for amorphous materials is introduced,
based on the work of [35]; this model is developed in a large-deformation
thermodynamics framework. In Chapter 4, this constitutive framework is
specialized into a non-local constitutive model according to the work of [37],
and is used to study the size-eect of MG at small length scales. The model
is then further developed using various numerical techniques, including the
establishment of a nite-element framework, to study the eect of micro-
scopic boundary conditions on the mechanical behaviour of small metallic
glass samples. Chapter 5 describes the mechanical behaviour of in-situ
La-based BMGC based on experimental work. The constitutive framework
proposed in Chapter 2 is then adopted to formulate a large-deformation
rate-independent thermo-mechanical model to study the mechanical be-
haviour of this type of material. Chapter 6 analyses the failure behaviour
and rate sensitivity of La-based BMG by various experimental techniques,
and a hierarchical multi-scale temperature evolution model is proposed to
estimate the temperature prole in the shear band. A conclusion and sug-
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gestions for possible future work are presented in Chapter 7.
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2.1 Brief history of metallic glass
Metallic glass is usually produced by rapid quenching of particular
molten alloys to prevent crystallization. The rst metallic glass alloy,
Au75Si25, was synthesized by Klement at Caltech, in 1960 [18]. This was
done by chilling metallic liquids from 1600K to room temperature at a
rate of about 106K=s. The high cooling rate required to form an amor-
phous structure restricted the size of metallic glass samples that could be
obtained.
Based on dening the millimeter scale as bulk, the rst bulk metallic
glass produced under laboratory conditions was the ternary Pd-Cu-Si alloy
by Chen [38]. This was done by quenching molten alloy, contained in a
drawn fuzed quartz capillary, into water; this enabled samples to be cast in
sizes up to 1  3mm. In 1984, Turnbull and his research group developed
Pd40Ni40P20 bulk metallic glass [39, 40] via a lower cooling rate of 1K=s.
Although this was reported to be the largest BMG sample at that time, the
high cost of Pd metal limits research using this material, and its industrial
applications.
In the late 1980s, Inoue and his group at Tohoku University discov-
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ered many multicomponent alloy systems with much lower critical cooling
rates, such as Mg-, La-, Zr-, Fe-, Ti- and Ni-based alloy systems [41]. The
rst commercial bulk metallic glass, Vitreloy 1, with a chemical composi-
tion of Zr41.2Ti13.8Cu12.5Ni10Be22.5, was developed by Peker and Johnson at
Caltech in 1993 [21]. This amorphous alloy can be fabricated via a lower
cooling rate of 1K=s, and cast in sizes up to several centimeters. Producing
samples of this Zr-based BMG family does not require any special process-
ing treatment, and can be synthesized by conventional casting methods.
Moreover, the Zr-based BMGs are also the most extensively studied amor-
phous metal.
2.2 Free volume theory - a micro-mechanism for
plastic deformation in metallic glass
Bulk metallic glass lacks a crystalline structure and deforms inhomo-
geneously; via highly localised shear bands which experience high stress
states at room temperature. However, the exact nature of local atomic
motion during inelastic deformation of BMG is still not fully understood.
Several theories have been proposed to describe the micro-mechanism of
inelastic deformation for such material, such as the free volume model [1],
shear transformation zone [42], and cooperative shearing model [43]. In
the present work, free volume is adopted as a material state variable for
constitutive modelling; hence it is discussed in some depth here. Details of
7
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the other theories can be found in Ref. [5].
The concept of free volume for glassy materials was rst proposed
by Cohen and Turnbull [44], and was then applied by Spaepen to describe
deformation in metallic glass [1]. The free volume of an atom is dened
as the part of its nearest free space in which the atom can move around
without an energy change, and is distributed statistically among all atoms.
In this model, inelastic deformation occurs in terms of a series of discrete
atomic jumps in the material, either by shearing or diusion. Spaepen
pointed out that the change in the atomic structure in a metallic glass
is a competition between two processes: shear-induced disordering and
diusion controlled reordering process. According to dynamic equilibrium




















where _ is the plastic shear strain rate, and f represents the fraction
of the sample volume in which potential jump sites can be found. v is
hard-sphere volume of an atom, and it represents a critical volume; i.e. a
free volume larger than v could be a potential jump site. vf denotes the
average free volume of an atom, and  is a geometrical factor between 0.5
and 1.  is the frequency of atomic vibration,  represents the shear stress
on one atom with an average volume 
, and the work done in jumping over
an atom length is 
. Gm is the activation energy for an atom to make
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a jump. k and T are the Boltzmann constant and absolute temperature,
respectively.
distance
Figure 2.1 Schematic demonstration of free volume creation, by squeezing an
atom of volume v into a neighboring hole of smaller volume v [1].
In the case of homogeneous deformation (f = 1) and low stress level
(
 2kT ) at high temperatures, Eq. (2.1) reduces to Newtonian viscous



















At low temperatures, the diusive activity of the free volume caused
by mechanical deformation is very slow, so plastic deformation in metallic
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glass is a purely shear-induced dilatation process. At high stress levels, free
volume is created when an atom with a hard-sphere volume v squeezes into
a neighbouring hole with a smaller volume v, as illustrated schematically
in Fig. 2.1. This makes the atoms near this new space move out, and thus
the free volume of the whole system increases. This is similar to granular
materials, in which shear deformation can cause dilatation.
The free volume model is simple and provides a physical explanation
for the strain softening and homogeneous/inhomogeneous deformation at
dierent levels of stress and strain rate. It has been widely cited and proven
by numerous experiments, to explain plastic deformation of metallic glass.
Furthermore, the free volume model introduces a simple state variable to
the description of amorphous material deformation; this makes it a good
candidate in a constitutive model to describe the plastic deformation of
this material.
2.3 Mechanical and deformation properties of BMG
2.3.1 Inhomogeneous ow and multiple micro shear bands
It is well accepted that plastic deformation of BMG can be classied
as homogeneous deformation at high temperatures and low stress, and inho-
mogeneous deformation at low temperatures and high stress. In the present
study, all the investigations are undertaken at ambient room temperature.
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Therefore, inhomogeneous ow and the behaviour of shear bands are re-
viewed in detail. At high stress levels, BMG material exhibits inelastic
deformation, and plastic strain concentrates within very thin shear bands,
causing strain softening and instability. It is generally believed that this
softening is associated with a dramatic decrease in local viscosity within
the shear bands, and may lead two types of instability - i.e. Type I being
micro shear banding, and Type II being fracture. How the shear bands be-
have will inuence the material ductility. Lewandowski and his co-corkers
investigated a large number of BMG alloys, and showed a relationship be-
tween the fracture energy Gc of BMG and their elastic properties [2]. They
pointed out that the toughness of BMG is related with the ratio of the
shear modulus  to bulk modulus ; a lower value indicates a more duc-




, the ductility can also be related with the
Poisson's ratio. From a physical perspective, a low value of  indicates a
lower resistance to plastic deformation in shear [43], while a high value of 
indicates that the resistance to dilatation is high for mode I crack propaga-
tion. The relationship between fracture energy and = for various BMG
samples is illustrated in Fig. 2.2. This gives a general guideline for nding
ductile BMG alloys with dierent chemical compositions.
From a micro-mechanism perspective, plastic shearing within a shear
band ceases when the driving force for shear decreases below some critical
value. When deformation continues after shear band is arrested, new shear
bands may be activated. The generation of multiple shear bands is able
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Figure 2.2 Relationship between fracture energy  and elastic modulus ratio =
for various as-cast metallic glasses [2]
to accommodate the applied strain, and this will lead to a lower energy,
enabling samples to display global ductility. This is reected as a serrated
ow in load-displacement curve in the experiments. Fig. 2.3(a) and (b)
show typical serrated ow behaviour for displacement control and load
control, respectively.
Therefore, an understanding of the mechanism of shearing resistance
in relation to the propagation of shear bands is important in studying how
the ductility of BMG can be improved. Several assumptions have been
proposed by researchers in recent years. Firstly, this resistance may come
from microstructural inhomogeneity. An inhomogeneous microstructure in
length scales from nano to micrometers in BMG has been reported in Ref.
[45, 46]. Das et al. [45] suggested that such inhomogeneities may promote
the nucleation of shear bands in samples and enable their branching; this
will result in global plasticity. Liu et al. [46] performed microstructural
12
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Figure 2.3 Serrated ow through repeated shear band activation in constrained
deformation. (a) compressive response of Pd77.5Cu6Si16.5 [3] (b) in-
strumented indentation curve for Pd40Cu30Ni10P20 amorphous metal
[4]
characterization, and showed that the ductile BMG is composed of isolated
2  5m hard zones surrounded by continuous soft bands with a width of
about 1m. For plastic deformation, the soft regions yield rst, but the
hard cores hinder shear band propagation; this will prompt shear band
multiplication, and result in superior ductility. Another cause of shear
resistance is the possibility of in-situ nanocrystallization. Chen and his
co-workers [47] observed nanocrystallization along shear bands in ductile
metallic glasses, and suggested that in-situ crystallization leads to signif-
icant plasticity in some metallic glasses. However, whether crystallization
occurs, depends on the atomic conguration of metallic glass, and the exact
13
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reasons for this is still not clear. The most common and obvious reason
for the arrest of shear band propagation is geometrical constraints. This
generally occurs when samples experience constrained deformation, such
as compression of low aspect ratio samples, bending or indentation. Most
of BMGs exhibit some plasticity for compression but not for tension. How-
ever, this is also material-dependent. Some BMG samples still display no
plasticity even under constrained deformation. This suggests that both
intrinsic and extrinsic factors may inuence the ductility of BMG. A more
detailed discussion on the shear band resistance can be found in Ref. [5].
2.3.2 Fracture and temperature rise within shear band
For most BMG materials, samples often show little global plasticity
after yielding under compression/tension. When the shear band driving
force overcomes the shear resistance, Type II instability, i.e. catastrophic
fracture, occurs. In this situation, plastic strain is localised within a very
thin shear band, propagating fast and causing rapid release of elastic energy
and an exothermic response that generates a large temperature increase
within the shear band. This temperature rise may cause local melting
of the fracture surface, leading to a typical vein pattern in fractographic
images for BMGs, as shown in Fig. 2.4 [5].
The cause of this fracture instability has been debated extensively.
Earlier researchers assumed that highly localised catastrophic fracture in
14
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Figure 2.4 Vein pattern fracture surface for BMG [5]
BMG comes from local adiabatic heating [48], similar to what happens in
crystalline materials [49]. However, with the development of BMG micro-
mechanism deformation theory, there is a growing acceptance that nano-
level structural instability, caused by initiation of free volume [1] and activa-
tion of a shear transformation zone (STZ) [42], is the dominant mechanism
for the creation of shear bands in BMGs. Recently, Dai et al. developed
a coupled free volume-temperature instability analysis [50] for BMG al-
loy. Their theory highlighted that the formation and propagation of shear
bands in BMG are not determined solely by temperature or internal struc-
ture, but a combination of thermal softening and free volume creation. In
order to examine this proposition in more detail, detecting the temperature
rise within a shear band and examining the role of thermal conduction are
important for understanding the mechanisms behind shear band behaviour.
15
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Some work on evaluation of the maximum temperature in a shear
band, using experimental data and constitutive modelling, has been done
[51, 52], and it is believed that the temperature will exceed the melting
point, which is around 900℃, since large molten droplets have been ob-
served on fracture surfaces. With the development of high-speed infrared
(IR) photography techniques, there has been considerable work to study
adiabatic shear band behaviour experimentally. Duduru et al. [53{55]
investigated dynamic shear banding in metallic materials using an IR cam-
era, and demonstrated the evolution of the temperature eld at a crack
tip and the development of a plastic zone. Researchers at the University
of Tennessee have undertaken experiments to study temperature evolution
during the initiation and propagation of shear bands in BMG, including
direct measurement of temperature for dynamic shear bands [56{58], and
the evaluation of temperature during fatigue damage [59, 60]. A review of
these eorts can be found in [61].
However, since the dimensions ( 20nm) and time scale ( 1s) of
a shear band and its formation are small compared with the frame speed
of IR cameras, direct measurement of the temperature of a shear band is
not totally reliable. Consequently some heat evolution models have been
proposed to complement experimental results. Hufnagel et al. [62] pro-
posed a theory involving shear band thickness, whereby the temperature
rise in a BMG shear band can be derived, and concluded that adiabatic
processes are unlikely in this type of material. Lewandowski and Greer [63]
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developed a novel method to improve the spatial and temporal resolution
of temperature measurement by coating Vitreloy 1 with a thin layer of tin
and analysing it after fracture; they found that the temperature increase in
a shear band could be in terms of thousands of degrees centigrade. Miracle
et al. [64] established a framework to evaluate size eect on the thermal
proles of a variety of BMGs, and also estimated the temperature rise
within a shear band to be possibly around 2000℃. All these results point
to a very signicant temperature increase in shear bands at fracture.
2.3.3 Strain rate eects in BMGs
Lu et al. [24] conducted a systematic study of deformation behaviour
of Vitreloy 1 over a wide range of strain rates and temperatures, and showed
that the strain rate dependence of BMG alloys decreases with a decrease
in the ambient temperature. According to some recent studies, at room
temperature, the inuence of applied strain rate varies for dierent BMG
alloys, and the rate sensitivity could be positive, negative, or neutral; de-
tails are listed in Tab. 2.1. Due to the lack of a crystalline structure in
BMGs, common theories for rate sensitivity in crystalline materials can-
not be applied directly to amorphous alloys, and several possible reasons
to account for the inuence of strain rate on the yield stress have been
proposed.
Initially, it was found that Zr41.2Ti13.8Cu12.5Ni10Be22.5 BMG (Vitreloy
17
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Table 2.1 Published strain rate eect studies of BMG
Negative rate eect Positive rate eect No eect
Pd40Ni40P20 [65, 66] Ti45Zr16Ni9Cu10Be20 [67] Vitreloy1 [23, 24, 68]
Zr57Ti5Cu20Ni8Al10 [62] Ti40Zr25Ni8Cu9Be18 [32]
Zr38Ti17Cu10.5Co12Be22.5 [31] Nd60Fe20Co10Al10 [69]
Zr/Hf [70, 71]
Dy3Al2 [72]
1) is rate insensitive at room temperature for a wide range of strain rates
[23, 24, 68]. This conclusion was well accepted, since no mechanism that
inuences the yield strength of amorphous materials has been identied.
This was the case until more BMG alloys were developed. Thereafter,
BMG materials with dierent compositions have been tested and negative
strain rate eects observed for most of the alloys [31, 62, 65, 66, 70{72].
However, details of the failure mechanisms involved are dierent for these
materials, even though they exhibit the same rate eect. For Zr-based
materials, as in [31, 62], serrated ow is found to be suppressed at high
strain rates; this promotes the creation of a single shear band. Theories
show that catastrophic fracture happens when the critical plastic shear
strain exceeds a certain value. The creation of multiple shear bands can
accommodate the critical strain and delay the occurrence of catastrophic
fracture. When the generation of multiple micro shear bands is reduced
at high strain rates, major shear bands predominate and rapidly reach the
critical strain value, causing failure much earlier; this results in a decrease
in the yield stress from a macroscopic perspective. For BMG materials
other than Zr-based ones that shows a negative rate eect [65, 66, 70{72],
high strain rates promote the creation of multiple shear bands. Micro shear
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bands have been found to initiate well below the static yield stress. These
minor shear bands do not propagate at low stress levels. However, under
dynamic loading, the rapid creation of heat within shear bands becomes
signicant in shear band evolution, and a sample will fail very soon after
the initiation of minor shear bands; this decreases the yield stress at high
strain rates and accounts for the negative strain rate sensitivity.
With the development of BMG alloys, two types of Ti-based BMG
have been found to exhibit positive rate sensitivity [32, 67]. Researchers
have attributed this to the dierent cluster structure of Ti-based amor-
phous alloys. Locally ordered icosahedral nuclei have been found to be
embedded in the amorphous matrix [73]; this provides a mechanism to im-
prove the strength and ductility of Ti-based amorphous alloys signicantly.
The existence of a micro-crystalline structure is also a reason for the posi-
tive strain rate eect of Ti-based BMG alloys. Another material that has
been found to have positive rate sensitivity is Nd60Fe20Co10Al10; this is also
attributed to the cluster structure of this BMG alloy [69]. These dierences
show that the mechanism for strain rate sensitivity in BMGs is still not
fully understood, and more experimental studies are needed.
2.3.4 Size eect of metallic glass
Some recent experiments [8{10, 17, 25, 74, 75] and molecular dynam-
ics (MD) simulations [6, 7, 76, 77] show that metallic glass may exhibit a
19
Chapter 2. Literature review
size eect for small-volume (nano-sized) samples. A transition from brittle
to ductile behaviour has been observed in many metallic glass samples when
their volume becomes smaller [14]. Unlike the deformation mechanisms in
ductile bulk metallic glass, multiple shear bands and their interactions are
not evident in small-volume amorphous metals due to their limited size
[8, 25]. Shi et al. [6, 7] conducted a series of MD simulations on nano-wires
and showed that small-sized samples exhibit more resistance to shear local-
isation. The stress-strain curves and shear band conguration for dierent
model sizes in their work are shown in Fig. 2.5.
































Figure 2.5 (a) Stress-strain curves of nano-sized metallic glass samples under
compression from MD simulations [6]. (b) Stress-strain curves for
cast samples with length from 5 to 20 nm [7].
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Recently, Jang and Greer [8] and Tian et al. [9] conducted monotonic
and cyclic tensile tests on small-volume monolithic metallic glass samples at
room temperature, and showed that amorphous metals have the capability
to exhibit post-yield work-hardening, as illustrated in Fig. 2.6. This phe-
nomenon has also been observed in MD simulations by Li and Li [76] and
Pang et al. [78]. However, the physical mechanism for this work-hardening


























































Figure 2.6 Experimental cyclic tensile stress-strain curves obtained from multi-
ple loading and unloading of nano-sized metallic glass samples. Con-
ducted by (a) Jang and Greer [8], and (b) Tian et al. [9]
Another type of size eect for small-sized metallic glass is the so-called
\smaller is stronger" phenomenon; this means that as the sample size be-
comes smaller, the yield strength increases. Currently, there are extensive
investigations into correlating yield stress and amorphous metal sample
size at low homologous temperatures. Volkert et al. [17] demonstrated
that the yield strength reduces with a decrease in sample size, whereas the
experiments conducted by Kuzmin et al. [79, 80] showed that the yield
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strength is generally independent of sample size. However, recent nanoten-
sile experiments conducted by Jang and Greer [8] and Wang et al. [10]
indicate that metallic glasses are able to exhibit the \smaller is stronger"
phenomenon. This is depicted in Fig. 2.7, which shows the variation of
yield strength with sample size in the nano-size region; samples exhibit an
obvious \smaller is stronger" trend. Therefore, based on the experimental
ndings listed, the \smaller is stronger" size eect for small metallic glass
samples is still unresolved. A more detailed review of the size eect phe-
nomenon of metallic glass, and related experimental and theoretic study
can be found in Ref. [81].
Compressive yield strength in bulk: 1.7 GPa
























0 200 400 600 800 1,000
Pillar diameter (nm)
(a) (b)
Figure 2.7 Variation of yield strength with sample size; from (a) Jang and Greer
[8] (b) Wang et al. [10]
2.4 Constitutive modelling of BMG
A constitutive model is a mathematical description of how a mate-
rial responds to applied loads [82], and thus can be used to capture and
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study the mechanical behaviour of materials. Therefore, establishment
of a continuum-based constitutive framework is useful for investigating
the BMG/BMGC alloys. In recent years, many continuum-based theories
have already been developed to model the plastic deformation behaviour of
metallic glass [29, 33{36, 83]. De Hey et al. [83] have developed a theory
to study the inuence of plastic deformation on structural disordering of
metallic glasses. Later, Huang et al. [33] proposed a well-known three-
dimensional model based on a non-local theory. In their work, the ow
rule assumes the form proposed by Spaepen in Eq. (2.1), and the evolution
of free volume is governed by a diusion-production equation, i.e.
_ = Dr2 + g(; ; p) (2.3)
where D is the free volume diusivity, and g(; ; p) represents the free
volume generation rate as a function of free volume itself, shear stress
 and hydrostatic pressure p. However, this model is established based
only on small strain theory. Recently, Anand and Su [36] and Yang et
al. [34] have proposed isothermal, three-dimensional nite-deformation-
based models for metallic glasses from the perspective of multiplicative
decomposition of the deformation gradient, i.e. F = FeFp. Anand and Su's
model was established within a thermodynamic framework, and derived
according to balance laws and thermodynamics principles. They assumed
that plastic ow in bulk metallic glass is relative to several slip systems.
23
Chapter 2. Literature review
Each slip system is specied by a slip direction s(), and the normal to the
slip plane m(), and described by:
Lp() = _()(s() 
m()) +  _()(m() 
m()) (2.4)
where  indicates the th slip system, and  is a dilatancy parameter. The







where g0, cv and b are positive-valued material parameters. This work also
pioneers the investigation of shear localisation at low ambient temperature
using a continuum model. Yang et al. used the traditional J2 ow rule
in their nite-deformation framework, and assumed that the free volume
generation rate takes the form of
_ = 





where  is a dimensionless parameter, and R is a free volume creation
function related to the plastic shear strain.  is the eective von Mises
stress, and T is the free volume value for fully-annealed material. This
formulation implies that the evolution of free volume is composed of shear-
induced free volume creation, and a structural relaxation process.
With reference to these studies, Thamburaja and his co-workers [35]
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developed a non-local three-dimensional nite-deformation-based constitu-
tive model to describe the behaviour of metallic glass in the supercooled
liquid region, based on the principles of thermodynamics and the concept
of micro-force balance [84]. Later, this work was modied and applied
to study length scale eects of shear localisation in small-volume metallic
glasses [37]. From their theoretical and computational study, they sug-
gested that catastrophic shear localisation is delayed when the sample size
is decreased, and homogeneous deformation may occur for sample volume
smaller than the shear band nucleus. These two models will be discussed
in detail in the present study.
2.5 Bulk metallic glass composite
Many studies have been done to enhance the toughness of BMG. Gen-
erally, plasticity in BMG is attributed to the creation and interaction of
multiple shear bands. It has been found that adding a second reinforcement
phase into monolithic BMG material can prohibit shear band propagation,
and hence enhance ductility. Research groups from Caltech rst proposed
the possibility of synthesizing BMG composite [26] and found that introduc-
ing tungsten and 1080 steel wires into Zr41:25Ti13:75Cu12:5Ni10Be22:5 matrix
greatly enhances the toughness of the amorphous alloy [27]. Subsequently,
another class of BMGC was also synthesized by incorporating a crystalline
phase formed in-situ [28]; this precipitated second phase is able to con-
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strain the propagation of shear bands, and accommodate a large increase
of global plastic strain and impact resistance.
Depending on how the second crystalline phase is introduced into
the BMGC alloy, the material synthesis procedure can be either in-situ
or ex-situ. For in-situ composites, the second phase precipitates out of
the metallic glass either during casting or post-processing of amorphous
alloy. For ex-situ methods, a reinforcement phase is added during casting
of the alloy. Hence, the interface between the glassy matrix and crys-
talline phase is much stronger for in-situ composites [85]. Experiments
also show that in-situ BMGCs are better able to limit the propagation of
shear bands and promote generation of multiple shear bands; this favours
increase of plasticity compared to the ex-situ composites. Recently, Li and
his co-workers conducted systematic studies on synthesizing of La-based
BMGCs with dierent volume fraction of crystalline phase (indicated as vf
for simplicity) [86]; their mechanical behaviour were studied [11]. Fig. 2.8
shows backscattered SEM images of cross-sections of La-based bulk metal-
lic glass, and its composites with dierent vf ; Fig. 2.9 illustrates typical
tensile and compressive stress-strain responses of these composites vf [11].
However, their study focus mainly on static deformation, with only some
qualitative descriptions of dynamic tests using Charpy device. Further-
more, they concluded that the yield strength in compression and tension
obey a rule of mixtures relationship, but this assertion is not always valid.
Schuh et al. examined the results of many experimental studies [87], and
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highlighted that the rule of mixtures is only valid for low volume fractions
(vf < 0:3) of the crystalline phase for dendritic in-situ composites. There-
fore, further experiments are needed to investigate the eect of the degree
of crystallinity.
Figure 2.8 Backscattering SEM images of La-based BMG/BMGC. The second
phases appear dark, where the fully amorphous matrix phase appears
bright. The compositions are La86-yAl14(CuNi)y with (a) y = 24,
vf  0 (b) y = 20, vf  0:07, (b) y = 16, vf  0:37, (b) y = 12,
vf  0:50 [11]
Considerable work has been done to identify the deformation mech-
anisms in BMGC, and it is well recognized that constraining shear band
propagation and the creation of multiple shear bands inuence its toughness
[85, 87]. However, most of these studies focused only on Zr-based BMGC,
and little experimental data is available for other types of such composites.
Whether the plastic deformation mechanism is the similar for all BMGCs
is debatable. Furthermore, previous experimental work on the mechani-
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Figure 2.9 Stress strain curves for dierent crystalline volume fractions for (a)
tensile and (b) compression loading [11]
cal behavior of BMGC at dynamic strain rates is very limited [88{90]; the
eect of strain rate of this type of material is still not fully understood.
Therefore, more experimental investigation on a variety of BMGC materi-
als is required for a better understanding of their deformation mechanism,
as well as their mechanical response at dierent strain rates.
Recently, Kianoosh et al. [91] proposed a constitutive model for bulk
metallic glass composite based on the work of [35]. In their model, a
rule-of-mixture relationship for the Cauchy stress was assumed, and the
deformation for each phase is assumed to be the same, i.e.
F = F(1) = F(2) (2.7)
where F(1) and F(2) are the deformation gradients for the crystalline and
amorphous phases. However, this assumption is only valid for small elastic
deformation. For large plastic strain, it is always believed that this as-
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sumption is no longer satised. Therefore, more work is needed to develop
a large-deformation constitutive model.
2.6 Application of BMG and it composite
In 2004, Salimon et al. [92] and Wang et al. [93] were the rst to
conduct a systematic review and study of possible applications of BMG
materials, and showed their potential in various elds. Later, Ashby and
Greer [94] assessed the possibility of using metallic glass as structural ma-
terial, and concluded that although its intrinsic brittleness restricts this
material in structural applications, it may still be applicable for wider us-
age, such as for tools, springs, information storage, fashion items, MEMS
devices, etc. [94]. Since the establishment of Liquidmetal Technologies
Inc. [13], BMGs have been successfully commercialized in several aspects.
The rst commercial application of BMG was in golf club heads, whereby
99% of the impact energy is transferred to the ball, compared to 70% for
a Ti-based alloy [95]. Some other notable uses are ejection pins for iPhone
3Gs and its later generations [96], watch components produced by Omega
[97] and later by Breguet [12]. Besides these commercialized products,
potential engineering applications are attractive. Because of the \smaller
is stronger" phenomenon, BMG material can be used in small scale com-
ponents to take advantage of its enhanced plasticity at that size. These
applications include spring actuators in MEMS [14, 98], micro-gears, micro-
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springs, micro-motors and other small scale engineering items [99]. Another
area of use for BMG is in bio-medical applications. Materials researchers
at ETH Zurich have developed an alloy that could constitute a new gen-
eration of biodegradable bone implants [100]. Zr based BMG can be used
in medical tools such as surgical razors or micro-surgery scissors. [16]. Ra-
zors made of Zr-based BMG show much smoother edges than those made
by traditional martensitic stainless steel. Some micro-components (tools)
for medical use have actually been commercialized [14]. The third impor-
tant application of BMG relates to the military. The USA Department
of Defense has researched extensively the use of Liquidmetal as a Kinetic
Energy Penetrator (KEP) rod. KEPs are key components for highly eec-
tive armor-piercing ammunition systems, which currently utilizes Depleted
Uranium (DU) because of its density and self-sharpening behaviour. Bal-
listic tests conducted by the US army showed that BMG composites exhibit
self-sharpening similar to DU, and is also environmentally friendly [101].
Some products related to these applications are shown in Fig. 2.10.
2.7 Objective and signicance
In this section, mechanical properties of BMG and BMGC, as well
as constitutive modelling approaches and potential applications, were re-
viewed extensively. Researchers have made signicant progress in investi-
gating these materials, but further understanding of the deformation mech-
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Figure 2.10 Various applications of BMG. (a) BMG used as components in
Breguet brand watch [12]. (b) KEP weapon produced by Liquid-
metal [13]. (c) Spiral-shaped Zr35Ti30Cu8.25Be26.75 metallic glass
spring with a thickness of 20m [14]. (d) Gyro comb-drive actuator
made of Pt57.5Cu14.7Ni5.3P22.5 metallic glass [14]. (e) Micro-tweezers
with a pin-and-V type grip [15]. (f) Zr-based BMG razor and com-
mercial surgical razor [16].
anisms in BMG and BMGC alloys are still required. The current investi-
gation is motivated by the following reasons:
• The mechanisms accounting for post-yield work-hardening and the
\smaller is stronger" phenomenon for small-sized metallic glass sam-
ples is still unknown.
• BMGCs have been proven to exhibit nite plasticity after yielding.
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However, most of the deformation mechanism studies on this focused
on Zr-based BMGC, more experimental data for dierent types of
BMGCs is needed for a better understanding of this type of material.
• There is little information on the rate sensitivity of BMGC, and the
inuence of degree of crystallinity on strength and ductility.
• There are relatively few published reports on constitutive modelling
of BMGC.
• Experiments on fracture behaviour, shear band temperature increase
and rate-eects for dierent types of BMG are still limited.
Therefore, the specic objectives of the current research are:
• Formulation of a non-local constitutive model incorporated into an
FEM code developed in-house, to examine the eect of size on small-
volumes of metallic glass, and to investigate the cause of post-yield
work-hardening and the \smaller is stronger" phenomenon.
• Conduct of experiments on recently-developed La-based BMGCs, to
study the inuence of degree of crystallinity and strain rate. A large-
deformation constitutive model for this material is proposed.
• Study of the fracture behaviour of La-based BMG for static and dy-
namic loading, and estimation of temperature evolution within shear
band at fracture.
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The present investigation provides a basis for further study of the
mechanical behaviour of BMG/BMGC at ambient room temperature, by
both constitutive modelling and experimental investigation. From a micro-
scopic perspective, the constitutive model can be applied to explain certain
physical properties of small volume metallic glass. From a macroscopic per-
spective, the experimental study is more suited to examine the deformation
behaviour of BMG/BMGC. These ndings have potential application in the
design and usage of BMG/BMGC.
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Chapter 3. A thermo-mechanical nite-deformation
constitutive framework for metallic glasses at
room temperature
3.1 Introduction
The focus of this chapter is the formulation of a three-dimensional
large-deformation thermo-mechanical constitutive framework according to
the work of [35], based on balance laws and thermodynamic principles. This
framework does not yield any specic forms for constitutive equations, but
provides a general guideline on how to derive a constitutive model. By
introducing a microforce balance law [84], free volume can be incorporated
as a state variable to describe the distribution of material defects. And the
Second Law of thermodynamics constitutes the basis of this framework.
3.2 Kinematics
In formulating a constitutive equation, it is assumed that a body
occupies a region R0 as the reference conguration, as shown in Fig. 3.1,
where n0 denots the outward unit normal on the boundary S0 of R0. When
deformed, the body occupies a region R in the deformed conguration, and
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n denotes the outward unit normal on the boundary S of R.
Figure 3.1 Schematic representation of body motion
The motion of the body is described by
y = (x; t) (3.1)
According to the point-to-point mapping in continuum mechanics, the de-





By applying the Kroner-Lee decomposition [102], the deformation gradient
can be decomposed into
F = FeFp (3.3)
where Fe and Fp are the elastic and inelastic component of deformation
gradient tensors, respectively.
Polar decomposition of the elastic component of deformation gradient
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tensor decomposes it into the elastic rotation and elastic stretch:
Fe = ReUe (3.4)
where Re is the elastic rotation tensor and Ue is the elastic stretch tensor.
Re and Ue have the properties of Re = Re T ; detRe = 1;Ue = UeT and






where ei and ri are the eigenvalues and eigenvectors of tensor U
e. Hence,
the elastic right Cauchy-Green strain can be written as














Substitution of Eq. (3.3) into the velocity gradient L yields
L = _FF 1 = Le + FeLpFe 1 (3.8)
where
Le = _FeFe 1 and Lp = _FpFp 1
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are the elastic and inelastic velocity gradients, respectively. The inelastic
velocity gradient can be further decomposed into symmetric and skew-
symmetric components, i.e.
Lp = Dp +Wp where Dp = symLp;Wp = skewLp (3.9)
According to the work of Anand and Gurtin on amorphous materials [103],
inelastic ow can be assumed to be irrotational, i.e.
Wp = 0! Lp = Dp
For amorphous material, plastic deformation is found to involve dila-
tion. This motivates the concept that inelastic deformation can be decom-
posed into a purely isochoric and a purely volumetric portion. Assuming
that all the volumetric changes are caused by free volume dilation, with
0 > 0 representing the initial free volume, the change in free volume can
be dened by
   0 = lnJp ! _ = trLp = trDp (3.10)
Therefore, the plastic stretch rate can be assumed to be






where _ represents the plastic shear rate and h1 is a constant of propor-
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tionality. N is a purely deviatoric and symmetric tensor that denes the
ow direction, and it should satisfy the conditions trN = 0, N = NT and
kNk = 1. Eq. (3.11) shows that plastic deformation in an amorphous
material is composed of two parts. The rst term on the right hand side
(RHS) is the deviatoric component h1 _N; this represents the contribution
of the purely deviatoric shear strain, just as with traditional metallic mate-






represents the contribution of plastic dilation by free volume generation.
For simplicity, Eq. (3.11) can be re-written as












Following the work of Gurtin [84], the balance laws for the plastic
shear strain  and the free volume , are introduced. With  = 1; 2,
the micro-traction vectors and scalar micro-forces are dened as c =
c^ (v; _v; ) and  = ^ (v; _v; ), respectively. The quantities c are
distributed on the boundary S0 while  are applied within the referential
regionR0. Therefore, the micro-force balance for the eld variables (c; )
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in the reference conguration are given by
Z
S0
c  n0dA +
Z
R0
dV = 0 for  = 1; 2 (3.14)
Applying the divergence theorem, and localising the result within R0 leads
to
Divc +  = 0 for  = 1; 2 (3.15)
3.4 Balance of linear momentum
According to Newton's second law, the balance of linear momentum












where S = JTF T is the rst Piola-Kircho stress, b is the macroscopic
body force vector per unit reference volume, 0 = ^0 (x) is the referential
mass density, and the vector v is the velocity eld. Applying the divergence
theorem to the linear momentum balance equation and localising the result
within R0 yields
DivS+ b  0 _v = 0 (3.17)
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3.5 Balance of angular momentum




y  Sn0dA +
Z
R0




y  0vdV (3.18)
Using indicial notation, the divergence law and mass balance, the left hand







































= "ijkyj _vk0 (3.19)
Substitution of equation Eq. (3.17) into equation Eq. (3.19) gives
"ijkFjlSkl = 0) SFT = FST (3.20)
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Using the relationship that S = JTF T , and substituting it into Eq. (3.20)
yields
JTF TFT = FJF 1TT ) T = TT (3.21)
Eq. (3.21) shows that the Cauchy stress T is always symmetric.
3.6 First law of thermodynamics: Balance of energy
Considering the work done by the micro and macro forces, the First




























( _u+ 0v  _v) dV
(3.22)
where u is the internal energy per unit reference volume. q is the heat ux
vector, and _r is the heat supply rate per unit reference volume. By applying
the divergence law, considering localisation within R0, and combing Eq.




(c  r _v    _v) Divq+ _r = _u (3.23)
This equation shows that the rst Piola-Kircho stress S is work-conjugate
to the variable F, the micro-traction vectors c are work-conjugate to rv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, and the scalar micro-forces  are work-conjugates to v.
3.7 Second law of thermodynamics: Entropy imbal-
ance

















where  is the entropy per unit reference volume. The Helmholtz free
energy per unit reference volume is dened by:
 = u   ) _ = _u  _    _ (3.25)




(c  r _v    _v)  q

 r   _    _  0 (3.26)
Considering the rst term, and the relationships S = JTF T , Fe = ReUe
and _F = LF, use of Eq. (3.8) leads to
S  _F =  JTF T   (LF) = JTF T   Le + FeLpFe 1	F
= JT   Le + FeLpFe 1 (3.27)
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Recalling that Le = _ReReT +Re _UeUe 1ReT and substituting this into Eq.
(3.27) yields












  _UeUe 1 +Ue  JReTTReUe 1  Lp
(3.28)
Use of the following relationship
Te  JReTTRe and Tp  UeTeUe 1 (3.29)




and the relationship Lp = Dp =P
=1;2
_vP , substitution of Eq. (3.28) into (3.26) yields
Te  _UeUe 1 +Tp  Lp +
X
=1;2
(  _v + c  r _v)
  q

 r   _    _  0
(3.30)
In the following sections, Eq. (3.30) will be used to derive the constitutive
equations.
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3.8 Free energy
Assuming that the free energy per unit reference volume takes the
form
 =  ^ (Ee; v;rv; ) (3.31)
where Ee = 1
2
lnCe = lnUe is the logarithmic strain (Hencky strain).



















where Ee = lnUe ) _Ee = _lnUe = Ue 1 _Ue = _UeUe 1; substitution of Eq.
(3.32) into (3.30) gives























where   Tp  Lp + P
=1;2
n






 r is dened as the
dissipation term.
Since the Second Law needs to be satised in any situation, the con-
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3.9 Dissipation inequality and inelastic ow direc-
tion
Since the dissipation term should be positive,











 r  0 (3.35)
The stress Tp is decomposed into deviatoric and volumetric components,
i.e.
Tp = dev(Tp)  pI (3.36)
where p   1
3
tr (Tp) is the hydrostatic pressure; substitution of Eq. (3.12)


























 r  0
(3.37)
According to the work of [83], assuming that the evolution equation for
free volume has the form of
_ =  _ + _m (3.38)
The rst term on the right hand side (RHS) of Eq. (3.38) represents
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the portion of free volume generation caused by pure plastic shear, and
the dimensionless material constant   0 denes the free volume creation
parameter. The second term _m on the RHS represents the change in free
volume due to other mechanisms, e.g. diusion, relaxation, etc. Substitu-
tion of Eq. (3.38) into (3.37) gives




















 r  0
(3.39)
Assuming that each dissipation mechanism is strictly dissipative, i.e.
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_m  0 (3.41)
  q

 r  0 (3.42)
With respect to Eq. (3.40), dene









Substitution of Eq. (3.15) into (3.40), and using kNk = 1 yields
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To satisfy Eq. (3.44), it is assumed that
h1T0 =











Taking the magnitude of both sides of Eq. (3.45) leads to
 = h1
T0  0 (3.46)
where













Furthermore, since the material is elastically isotropic, the elastic stress and
stretch tensors are co-axial, i.e. they have the same principal directions.
Hence, Eq. (3.29) can be simplied to
Tp = UeTeUe 1 = Te (3.49)
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From Eq. (3.11), the deviatoric component of Dp is devDp = h1 _N; sub-





The same approach is applied to satisfy Eq. (3.41) and following
parameter is dened as
f    





Hence the scalar function f  should satisfy the condition f  _m  0. A
detailed derivation of constitutive equation for the free volume requires a
specic form of the free energy density  .
3.10 A summary of the constitutive framework
From the preceding derivation, the constitutive framework for BMG
can be summarised as follows:
 Free energy
 =  ^ (Ee; v;rv; ) (3.53)
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_I where N =
devTe
kdevTek (3.55)
The evolution equations for plastic shear strain and free volume is derived
from the following conditions, by specifying a form for the free energy
density  
fp _  0 (3.56)
f  _m  0 (3.57)
 Temperature The evolution of temperature can be solved by the
entropy equation




In this chapter, a general constitutive framework based on balance
laws and thermodynamic principles have been established. However, the
specic form of the equations have not been provided. For application
to particular BMG materials, the free energy density equation need to be
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specied and additional assumptions incorporated, to complete the model.
In the next two chapters, the general constitutive framework established
will be further developed to formulate constitutive equations to describe
the mechanical behaviour of BMG and BMGC, respectively.
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Chapter 4. Specic form of model with ap-
plication to small scale metallic glasses
4.1 Introduction
BMG alloys are brittle, and hence not good candidates for structural
application. However, recently experiments have shown that metallic glass
may exhibit a \smaller is better" behavior [14]; this makes it attractive for
use in small scale components, to take advantage of its enhanced plasticity
at that size. Some recent major applications involving the use of metallic
glass have been proposed in the area of micro and nano-technology, such
as precision tools and medical implants [15, 25, 104]. This motivates ex-
periments in mechanical characterization of small-volume metallic glass in
recent years [8{10, 17, 25, 74, 75].
To study the size-eect of metallic glass, Thamburaja [37] recently
proposed a non-local, nite-deformation based constitutive model. In his
work, the author suggested that catastrophic shear localisation is delayed
with decreasing sample size, and homogeneous deformation behaviour may
occur for sample volumes smaller than the shear band nucleus. This study
was done by implementing a non-local constitutive model into the commer-
cial software Abaqus [105], by writing a user-dened subroutine (VUMAT).
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However, Abaqus has its own limitation when non-local theory is adopted.
For example, by writing a user-dened subroutine (UMAT/VUMAT), users
can only dene state variables (such as free volume) at integration points.
Therefore, calculation of Laplacian equation (non-local term) for free vol-
ume may meet diculties. FDM is one alternative [37, 106] but it is only
available for regular meshes. Furthermore, boundary conditions are di-
cult to incorporate when applying FDM. For a metallic glass model with
an arbitrary geometry, using Abaqus by writing a VUMAT subroutine is
not capable of implementing a non-local formulation. Therefore, develop-
ment of a new computational framework based on a self-written FEM code
is required when using a non-local constitutive model to study small-sized
metallic glass materials.
4.2 Specic form of constitutive model for small
scale metallic glasses
In this section, the constitutive framework proposed in Chapter 3
is modied for small length scale metallic glass, according to the work
of Thamburaja [37]. Since most experimental studies are performed at
room temperature, the temperature term will not be included and the
constitutive model is assumed to be isothermal as a rst-approximation.
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Recalling the free energy in Eq. (3.31), and assuming it takes the form of
 =  ^ (Ee; ;r) =  e +   +  g (4.1)
where  e =  ^e(Ee) represents the elastic free energy,   =  ^() is the
defect free energy, and  g =  ^g(r) is the free energy associated with the
gradient of free volume. The specic forms of the free energies are assumed
to be
 e =  ^e(Ee) =  kdevEek2 + (1=2)(trEe)2
  =  ^() = (1=2)s2
2   s2T
 g =  ^g(r) = (1=2)s1jrj2
(4.2)
The material constants  > 0 and  > 0 are the shear and bulk modulus,
respectively. The material parameter s1  0 is the gradient free energy
coecient, and s2  0 represents the defect free energy coecient, while
the material constant T > 0 denes the fully-annealed free volume value.





= 2(devEe) + (trEe)I (4.3)
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To determine the free-volume generation rate due to mechanisms
other than plastic shearing, Eq. (3.52) is noted. To satisfy the positive
dissipation condition in Eq. (3.57), taking






where s3 > 0 denes the resistance to free volume generation. The variable
vm = v^m() > 0 represents a frequency-like term, and assumes the form
of vm = v0
p
exp( =) [37], where v0 > 0 represents a constant reference
frequency, and the dimensionless material constant  > 0 is a geometric
factor. Substitution of Eq. (4.5) and (4.2) into Eq. (3.52) yields the kinetic
















(   T ) (4.6)
Eq. (4.6) implies that the free volume generation rate comprises four com-
ponents. The rst term on the right hand side (RHS) is a non-local term;
it represents the eect of diusion on free volume generation; the second
term is associated with the shear strain rate - it implies that plastic shear
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strain will induce generation of free volume. The third term on the RHS
is associated with hydrostatic pressure, and the fourth term represents the
rate of free volume annihilation caused by structural relaxation.
To determine the ow rule for plastic shear, substitution of Eq. (5.6)
and (4.1) into Eq. (3.47) yields
fp =  + (s1r2   s2(   T )  p) (4.7)
Here, the variable f p acts as a plastic driving force, and is composed of
two components. The rst term  on the RHS is the equivalent shear
stress responsible for plastic shear, similar to that for classical crystalline
materials. The second collective term on the RHS is associated with the
evolution of free volume. The Laplacian in the second term is related to the
non-local interaction force. Dening int =  s1(r2), according to the
work of [37, 107], int represents the long-range interaction stress between
defects. Therefore, Eq. (4.7) can be written as
f p =    int   (s2(   T ) + p) (4.8)
To satisfy the positive dissipation condition Eq. (3.56), a simple
power law relationship is assumed, i.e.
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where a > 0 is the strain-rate sensitivity parameter, c > 0 the intrinsic
resistance or simply resistance, and the material constant _0 is a reference







Eq. (4.10) shows a classical rate-dependent plastic shear strain evolution
law.
According to Ref. [37], the evolution law for resistance is taken to be
_c = qc _ (4.11)
where the dimensionless constant q < 0 ensures that resistance decreases
when free volume is created, i.e. when _ > 0. Integration of Eq. (4.11)
with respect to time yields
c = c0 expfq(   0)g (4.12)
where c0 > 0 and 0 > 0 represent the initial values of resistance and free
volume, respectively.
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4.3 Computational framework
As discussed previously, when implementing this non-local constitu-
tive model into a commercial software such as Abaqus, by writing UMAT/VUMAT
subroutine, numerical diculties are encountered. In this section, some
novel numerical aspects of the nite element method will be proposed and
an explicit nite element code is developed in-house to solve these dif-
culties. The weak form of the free volume governing equation will be
developed, by which free volume can be treated as a nodal variable; micro-
boundary conditions can also be incorporated during this derivation. A
Gradient Calculation Method (GCM) is proposed to solve the Laplacian
directly, by using nodal free volume values and shape function gradients.
Some other computational considerations such as volumetric locking and
numerical stability are also discussed.
4.3.1 Finite element discretization for free volume evolution equa-
tion
In the proposed constitutive model, the governing equation for free
volume is established in strong form, which contains a second-order (dif-
fusion) term. However, this strong form cannot be easily implemented di-
rectly for several reasons. Firstly, the strong form contains a second-order
term; this means a C1 continuity element is required to get an accurate
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result. However, high order elements generally do not work well in an ex-
plicit FEM analysis, and smaller time steps are needed to make the system
stable. Instability also occurs easily when using high order element in a
highly nonlinear problem. Furthermore, for the strong form, boundary con-
ditions are not easy to impose, especially for irregular meshes. Hence, the
standard Galerkin weak form is used in the current research to discretize
the original free volume evolution equation, and the free volume can be
evaluated at nodal points instead of integration points; this means taking
free volume as another degree of freedom as well as the three displacement
components.
Figure 4.1 Problem domain with natural and essential boundary conditions
Consider a body occupying a region R in the reference conguration,
where n denes the outward unit normal vector on the boundary S of R,
as illustrated schematically in Fig. 4.1. Let dA and dV denote the area
and volume elements, respectively. The microscopic boundary conditions
imposed on the body are
r(x)  n = 0 for x 2 Sn (4.13)
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_(x) = 0 for x 2 Se (4.14)
where Sn is the natural boundary (or so-called Neumann boundary) and
Se is the essential boundary (or so-called Dirichlet boundary), with the
relationship Sn \ Se = ? and Sn [ Se = S. In strain-gradient plasticity
terminology [107], Eq. (4.13) resembles a microscopically free boundary
condition, and Eq. (4.14) resembles a microscopically hard boundary con-
dition.
According to Eq. (4.6), the governing equation for free volume gen-
eration is given by
_ = K(r2) + f (4.15)







and the free volume source term f is










(   T ) (4.17)
Using the variation of free volume  as a trial function, Eq. (4.15) can be
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is a function of 
Incorporation of the boundary conditions given by Eq. (4.13) and
(4.14) into Eq. (4.19), the rst term on the right-hand side of Eq. (4.19)
vanishes, i.e. Z
S
fK(r  n)gdA = 0 (4.21)
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() (f  rK  r)  fKr()  rg dV (4.22)
The mathematical notations used are as follows: the problem domain
R is discretized into nel elements; i.e. R =
nelS
m=1
Rm, where Rm represents
the domain occupied by element m in the reference conguration. nn is
the number of nodal points in each element. and I represents nodal point
I in the element, while i indicates the coordinate index, i.e. x; y; z axis.
A;i is the derivative of tensor A with respect to direction i. NI = N^I(x) is
the shape function at point x associated with node I of each element.









or in the matrix form
 = N and _ = N _ (4.24)


























N1 N2    Nnn





N1;y N2;y    Nnn;y
N1;z N2;z Nnn;z
37777775
is the shape function gradient matrix.















Rm (Nf)dV is the element free volume driving force















(f e ) is the global free volume driving force
where A is the standard FEM assembly operator [108], and nel is the
total number of elements.
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Hence, the global FEM formulation can be written as
M _ =  K + f (4.26)
Eq. (4.26) can be used to calculate the free volume generation rate
value at element nodal point of the whole domain.
4.3.2 A Gradient Calculation Method (GCM) to calculate the
Laplacian of free volume
As discussed previously, a high order element is not appropriate in
this model. Therefore the Laplacian cannot be calculated directly using
second order derivatives of shape functions. Generally FDM is employed
to calculate the Laplacian, but it is only available for regular meshes with
single point reduced integration. Here, a GCM is proposed for calculation of
the Laplacian. The essential idea is to recover higher order variables (such
as stress, strain, or free volume gradient) using linear shape functions [109].
For 8-node hexahedral elements with full integration, the nodal point
and Gauss point (GP) numbers are denoted by nn = 8 and ng = 8, respec-
tively. I = 1; 2; : : : ; nn represents the nodal points, and J = 1; 2; : : : ; ng
represents the GPs. For any eld variable f , fI denes the f value at nodal
point I, while f(xJ) is the f value at GP J with a material coordinate x.
The given variables are (1) free volume at the nodal points, i.e. I ,
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(2) shape functions at GP J associated with nodal point I, i.e. NI(xJ),
and (3) shape function gradient at GP J associated with nodal point I in
the i direction, i.e. biI(xJ) = NI;i(xJ)
The required variable is the Laplacian of the free volume at GP J ,
i.e. r2(xJ).
The calculation scheme can be summarised as follows:
Step 1. For each element, evaluate the rst-order derivative of  with





Step 2. For each element, determine the rst-order derivative of the
free volume with respect to direction i at nodal point I, i.e. I;i, by solving
the set of linear equations
nnX
I=1
NI(xJ)I;i = ;i(xJ) for j = 1; 2; : : : ; ng (4.28)
Step 3. By using the nodal averaging technique analogous to the
method proposed by Zienkiewicz and Taylor [109], I;i is rened by node
averaging; I;i denotes the rened value of the nodal value I;i.
Step 4. Assuming that the gradient of the free volume can be inter-
polated by liner shape functions, the Laplacian of the free volume at GP
64
Chapter 4. Specic form of model with application to small scale metallic
glasses









For two-dimensional 4-node quadrilateral elements, the calculation
approach follows the same steps. The only dierences are the number of
nodal points and GPs, i.e. I = 1; 2; 3; 4, and J = 1; 2; 3; 4, as well as the
coordinate index i reduces to only the x; y axis.
4.3.3 Consideration of volumetric locking
During shear localisation, plastic ow will be fully developed and vol-
umetric locking will occur for large strain deformation when using lower
order elements, because of the incompressible nature of plastic ow. Vari-
ous methods have been proposed to solve this locking phenomenon, such as
reduced/selective integration with hourglass control [110, 111], multi-led
weak form [112] and the B-bar method [113, 114]. In this work, the B-
bar method rst proposed by Hughes [113] for small strain problems, then
widely used and generalized to nite deformation by a lot of researchers
[115{117], is adopted. Generally, in Abaqus/Explicit, only reduced inte-
gration is available for linear elements (i.e. 8-nodes hexahedron for 3D,
or 4-node quadrilateral element for 2D). However, the reduced integration
scheme is not accurate enough for the proposed GCM, since only one inte-
gration point is available in each element. Therefore, full integration with
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the B-bar method is incorporated in the current model as follows:
The multiplicative volumetric-deviatoric decomposition for the defor-
mation gradient is given by
F = FvolFdev (4.30)
where
Fvol = J1=3I ; Fdev = J 1=3F
The essential idea in the B-bar method is to discard the volumetric
portion of the deformation gradients Fvol, and replace it by the volumetric
portion of an assumed deformation gradient Fvol, with the form of
Fvol = J1=3I (4.31)
so the assumed deformation gradient can be solved by
F = FvolFdev = J1=3J 1=3F (4.32)
There are many approaches to evaluate J . Here, J is determined us-
ing the deformation gradient at the reduced Gauss point.  is dened as
the isoparameteric coordinate, i.e.  = (; ; ). Hence  = o = (0; 0; 0)
represents the centroid point in the element. Therefore, the reduced defor-
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mation gradient Jacobian can be written as
J = J(o) = det(F(o)) (4.33)
Substitution of equation (4.33) into (4.32) yields the assumed deformation
gradient
F() = J(o)1=3J() 1=3F() (4.34)
For each 8-node hexahedron element, the deformation gradient at the Gauss
points can be written as
F(; ; ) = J(0; 0; 0)1=3J(; ; ) 1=3F(; ; ) (4.35)
where
; ;  =  1p
3
Applying the same approach, the assumed shape function gradient asso-
ciate with element node I is given by
biI() = biI()  1
3
r NI()ei + 1
3
r NI(o)ei (4.36)
where i represents the coordinate index and ei is the direction of the base
vector.
By using the assumed deformation gradient and shape function gradi-
ent in place of the original ones, the constitutive model can be implemented
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in the FEM code without encountering volumetric locking problem.
For two-dimensional 4-node quadrilateral elements, the only dier-
ence is ignoring the 3rd direction .
4.3.4 Numerical validation of constitutive model
In this sub-section, the constitutive model is validated by explicit time
integration. t denes the current time, t an innitesimal time increment,
and  = t+t.
Given:
(1) fF(t);F()g , (2) fTe(t);Fp(t); (t); (t); _(t); c(t)g
Calculate:
(1) fTe();Fp(); (); (); _(); c()g
1. Calculate the equivalent stress and hydrostatic pressure.
 =
p
1=2kdev(Te(t))k  0 ; p =  1
3
trace(Te(t))
2. Calculate the plastic driving force
f p =  + [s1(r2(t))  s2((t)  T )  p]
where the Laplacian term r2 is evaluated by GCM.
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3. Calculate the plastic shear strain rate
If fp < 0
_(t) = 0






4. Calculate the free volume generation rate by solving the global
nite element equation as given in Eq. (4.26), i.e.
M _ =  K + f
For an explicit scheme, the time integration can be performed using
() = (t) + t _
5. Calculate the resistance
c() = c0 exp fq(()  0)g
6. Calculate the plastic velocity gradient at time t

















7. Calculate the incremental plastic deformation gradient Fpt ()
Fpt () = (I+tL
p(t))
8. Calculate the plastic component of deformation gradient, Fp()
Fp() = Fpt ()F
p(t)
9. Calculate the elastic component of deformation gradient, Fe()
Fe() = F()Fp() 1
10. Calculate the elastic right Cauchy-Green strain Ce(), the elastic
strain Ee(), the elastic stretch tensorUe(), and the elastic rotation tensor
Re(),
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Re() = Fe()Ue 1()
11. Calculate the elastic stress, Te()
Te() = 2dev(Ee()) + ftr(Ee())gI





4.3.5 Explicit time discretization
It is known that softening and localisation instability, or even a crack,
can occur in metallic glass during deformation. Therefore, an explicit nite
element method is a better choice to capture these characteristics, and is
also easier to perform. Furthermore, the explicit method is very robust; i.e.
the explicit procedure seldom fails due to instability of the numerical algo-
rithm, especially in highly nonlinear problems [108]. The only drawback of
explicit time integration is that it is conditionally stable; this is discussed
later. Therefore, an updated Lagrangian nite element formulation will
be established. A central dierence method with second order accuracy is
adopted [108]. The essential ideal of this method is to dene the velocities
and perform calculations at midpoint time steps. Dening the variable u
at time step n as un, and the value at next time step as un+1; the detailed
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procedure is summarized below.
(1) Initialization:
(a) Set v0 and T0
(b) u0 = 0; n = 0; t = 0









N1 0 0 N2 0 0 Nnn 0 0
0 N1 0 0 N2 0    0 Nnn 0
0 0 N1 0 0 N2 0 0 Nnn
37777775
and R0 denotes the reference conguration
(d) Convert the mass matrix M to a diagonal lumped mass matrix
~M.
(e) Calculate the assumed shape function gradient b(x) from Eq.
(4.36)
(f) Assemble the assumed linear strain matrix B(x) using b(x)
(2) tn+1 = tn +tn+1=2; tn+1=2 = 1=2(tn + tn+1)
(3) vn+1=2 = vn +
 
tn+1=2   tn an
72
Chapter 4. Specic form of model with application to small scale metallic
glasses








(5) un+1 = un +tn+1=2vn+1=2




(7) Update the assumed shape function gradient b(x) from equation
(4.36)
(8) Update the assumed linear strain matrix B(x) using b(x)
(9) Calculate the Cauchy stress using the constitutive equation Tn+1 =
T^(Fn+1)
(10) Calculate the free volume lumped mass matrix ~Mfv, stiness matrix
Kfv and driving force ffv vector








(12) Calculate the external force vector f ext (tn+1)




= f ext (tn+1) f int  Fn+1; tn+1
(14) Calculate the acceleration an+1 = ~M 1f(Fn+1; tn+1)
(15) Calculate the free volume rate _n = ~M 1fv ( Kfvn + ffv)
(16) vn+1 = vn+1=2 +
 
tn+1   tn+1=2 an+1
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(17) n+1 = n +t _n
(18) Check the energy balance Wkin  "Wint , where " is of the order of
10 3
(19) Update the time step counter n! n+ 1
(20) Repeat from (2) till the end of analysis.
4.3.6 Numerical stability analysis
The major drawback in explicit time integration is that it is condition-
ally stable. Small time steps are required to maintain stability. Therefore,
the stability of this model is now discussed. Two types of stability are
considered - i.e. linear system stability and energy stability.
For linear system stability, the governing equation for the displace-
ment eld is expressed in standard form by
Mu+Cv _u+Ku = fext (4.37)
Here, because the problem is quasi-static, the damping term is neglected
as a rst-approximation, i.e. Cv = 0. Therefore, the governing equation
has the form of
Mu+Ku = f ext (4.38)
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where !2 is the eigenvalue for the eigenproblem
Ky = (!)2My
However, direct eigenvalue calculation is not commercial. According to
Ref. [118, 119], for 4-node quadrilateral and 8-node hexahedron elements,









where 1  nD  3 is the number of dimension of the problem, and nn is
the node number in one element. ;  are the Lame coecients and  is
the material density.






where  is a reduction factor to cater for the instable nature of nonlinear-
ities. Normally,  is chosen as  2 [0:8; 0:98].
Moreover, energy stability is also discussed. In quasi-static analysis,
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when explicit integration is used, mass scaling is always adopted in order
to increase the critical time step and limit the time cost to be reasonable.
However, this approach may cause an energy imbalance if not properly
used. Therefore, the energy balance should be checked at every time step
to make sure that no unreasonable kinetic energy is created during explicit





The internal energy can be calculated by












where fnint is the internal force vector at time step n.
Therefore, since energy should be conserved to numerical tolerance,
it is required that
W nkin  "W nint (4.44)
where " is of the order of 10 3
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4.4 Validation and benchmark of the proposed model
4.4.1 Establishment of numerical model
A two-dimensional model, chosen from Ref. [37], is shown in Fig.
4.2(a), and is adopted to test the numerical framework established in this
work. The size of this specimen is 136nm 272nm. A downward velocity
boundary condition is applied to the top of the sample, to ensure that the
true strain-rate has a constant value of 1 10 3s 1. The bottom surface is
constrained in the z direction and the bottom-right corner is fully xed, to
prevent the specimen moving arbitrarily in the x direction. Furthermore,
a three-dimensional model, shown in Fig. 4.2(b), is established, with a
sample size of 136nm17nm272nm. Plane strain conditions are imposed
on the front and back surface of the model by setting the velocity along
the y direction to be zero, i.e. vy = 0. Theoretically, these two model are
equal and should yield identical results. For comparison, the results solved
by Abaqus in Ref. [37] are adopted as benchmarks. Hence, the material
parameters are chosen according to Ref. [37], and presented in Tab. 4.1,
Table 4.1 List of material parameters
 = 35:7GPa  = 166:7GPa T = 0:06%
 = 0:02 v0 = 323s
 1 s1 = 100J=m
s2 = 2800GJ=m
3 s3 = 240GJ=m
3  = 0:15
_0 = 0:00173s
 1 a = 0:02 c0 = 1:0GPa
k =  250
Four-node quadrilateral plane strain element with the B-bar method
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to control volumetric locking, is used to mesh the 2D sample. Three dif-
ferent mesh densities are used for the 2D model, i.e. 20 40; 40 80, and
60120, and are denoted as Simulation A1, A2 and A3 respectively. Some
elements at the right-lower corner are prescribed a slightly lower initial re-
sistance value, to construct local weakness. The initial meshes and weak
points for Simulations A1, A2 and A3 are shown in Fig. 4.3(a), (b) and
(c), respectively; 8-node hexahedron elements are used in the 3D model.
The mesh and location of weakness of this model are shown in Fig. 4.3(d);
it has a mesh density of 40 5 80, and this is denoted as Simulation B.
136 nm 136 nm









Figure 4.2 The 2D and 3D specimen model
4.4.2 FEM result analysis and mesh-sensitivity study
The nominal stress-strain curves for Simulations A1, A2 and A3 are
plotted in Fig. 4.4, which illustrates the deformation process for each sim-
ulation. When an external force is exerted on the specimen, the material
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Figure 4.3 Initial mesh and location of local weakness. (a) Simulation A1, with
20  40 elements. (b) Simulation A2, with 40  80 elements. (c)
Simulation A3, with 60 120 elements. (d) Simulation B, with 40
5 80 elements.
undergoes purely elastic deformation until reaches point a. The sample
then begins to yield and exhibit strain softening, but homogeneous defor-
mation is still maintained. When the load reaches point b, deformation
localisation initiated at the weak point and a shear band of nite thickness
is created and expands until point c, at which it is fully developed and will
not expand further.
Fig. 4.4 also illustrates the mesh-sensitivity of this model. The stress-
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Simulation A1, Mesh 20X40
Simulation A2, Mesh 40X80




Figure 4.4 The nominal stress-strain plot for dierent meshes
strain curve for A1 is a little dierent from the other two during localisa-
tion, i.e. the region b to c. This is because a mesh density of 20  40 is
not ne enough to capture the localisation procedure exactly [120]. The
stress-strain curves for A2 and A3 are essentially identical, indicating neg-
ligible mesh-sensitivity. Moreover, although the mesh density of A1 is not
ne enough to capture the localisation process exactly, it can still generate
an accurate curve after the shear band is fully developed; this also demon-
strates that the shear banding process is insensitive to mesh-density in this
model. The comparison of free volume and plastic shear strain at Point
c for dierent simulations is presented in Fig. 4.5. The pictures in each
row represent the contours of these variables for dierent mesh densities,
and show that simulations with dierent mesh densities are able to gen-
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Figure 4.5 Contours for dierent meshes at load-deformation point c
The evolution of shear band thickness is plotted as a function of
sample strain in Fig. 4.6; the shear band thickness is dened by the plastic
shear strain that exceeds a threshold value of 0:1. It shows that a shear
band begins to initiate at strain of around 0.027; its thickness then increases
very quickly to around 20nm (at a strain of 0.032). For strains between
0.032 to 0.045, the rate of shear band thickness expansion begins to decrease
gradually. After a strain of 0.045, the shear band is almost fully developed
and reaches a constant thickness.
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Figure 4.6 Evolution of shear band thickness with increasing of applied strain
4.4.3 Comparison between current computational framework and
Abaqus
Fig. 4.7 shows a comparison between the proposed numerical model
and results obtained using Abaqus in Ref. [37], for the same problem. The
main dierences between these two algorithms are as follows:
(a) For Abaqus, reduced integration with hourglass control is adopted.
This method is faster, but may encounter zero energy modes when one-
point quadrature is applied. For the present method, full integration using
the B-bar method is adopted to control strain locking; this is more accurate
and stable.
(b) For Abaqus, the evaluation of free volume evolution is based on
the strong form, which uses FDM to calculate the Laplacian term. In
the present model, the governing equation is based on the weak form. The
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(a) Stres-strain curve comparison














Plastic shear strainPlastic shear strain
Free volumeFree volume (%) x
z
Figure 4.7 Comparison between our model and Abaqus
drawbacks for using the strong form have already been discussed previously.
For these reasons, there some minor dierences between the two
stress-strain curves in Fig. 4.7(a); however, this error is acceptable. Fur-
thermore, Fig. 4.7(b) and (c) show that the contours of free volume and
plastic shear strain for these two methods are identical. It is worth noting
that although Abaqus can yield result similar to the present model, di-
culties will be encountered if the sample has an arbitrary geometry; this is
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not a problem for the current computational framework.
4.4.4 Comparison between 2D and 3D elements
In this sub-section, the result of Simulation B (3D model with 40 
5  80 elements) is presented, and compared with Simulation A2, which
has a same mesh density. The nominal compressive stress-strain curves are
plotted in Fig. 4.8(a), and show that the two curves are essentially identical;
this is signicant because Simulation B is for plane strain conditions. The
contours of plastic shear strain and free volume for Simulations A2 and B
are shown in Fig. 4.8(b), and they demonstrate that both the 3D and 2D
element implementations of the present model yield similar results.
4.4.5 Performance of element with irregular meshes
In the last part of the numerical benchmarking, the performance of
2D and 3D element with an irregular mesh is examined. Hence, the models
shown in Fig. 4.2 are re-meshed. The initial mesh proles of the 2D and
3D models are shown in Fig. 4.9, and denoted as Simulation C1 and C2
respectively. 20 40 elements are prescribed along the outer boundary in
order to ensure similar mesh densities, and this sparse number of elements
also serves to check the accuracy of the present model for coarse meshes.
The initial point of weakness at the right-bottom corner is still prescribed
and covers almost the same area. The boundary conditions and velocity
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Figure 4.8 The comparison between 2D and 3D model
prole applied are similar to the earlier simulations.
The nominal stress-strain curves are plotted in Fig. 4.10(a) and
the free volume contours are displayed in Fig. 4.10(b); they show that
the stress-strain curves for C1, C2 and A1 coincide with each other; this
means the present model also works well for irregular meshes. Further-
more, the shear band is not inuenced by mesh orientation for both 2D
and 3D meshes. This is essential when solving the Laplacian for models
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Figure 4.9 Initial irregular meshes for 2D and 3D model
with complicated geometries.
4.5 Eect of non-local interaction force for small-
volume metallic glass
Recently, two types of size-eect have been discovered in metallic glass
by experiments. Room-temperature monotonic and cyclic tensile experi-
ments conducted by Jang and Greer [8] and Tian et al. [9] on small-volume
(nano-sized) monolithic amorphous metal samples showed that metallic
glasses are capable of exhibiting post-yield work-hardening, as shown in
Fig. 4.11(a) and (b), respectively. This phenomenon is dened as a Type
A size-eect in the current work. Another nding is the inuence of sam-
ple size on yield stress for small-volumes of metallic glass. Some experi-
ments show that metallic glass alloys can exhibit a \smaller is stronger"
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Figure 4.10 Stress-strain curves for 2D and 3D irregular meshes
phenomenon [8, 10]; this means that when the sample volume becomes
smaller, the yield strength is higher. However, other experiments [17] in-
dicate that the material should exhibit a \smaller is weaker" phenomenon,
which has trend opposite to the previous one. The inuence of sample size
on material yield stress is dened as a Type B size-eect. However, the
micro-mechanisms for both types are still unknown.
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When sample volumes of crystalline metals become small, deforma-
tion behaviour becomes sensitive to imposed microscopic boundary condi-
tions (MBC) [107]. However, no work has been done to study the eect of
MBC on small-sized metallic glass. In this section, the proposed non-local
constitutive model is used to study the deformation behaviour of metal-
lic glass of small-volume. The current research shows that the Type A
size-eect is caused by the eect of MBC, while the Type B size-eect is
aected by the initial heterogeneous free volume distribution pattern.
Engineering strain (%)









































1        2        3        4        5        6        7        8        
(a) (b)
Figure 4.11 Cyclic tensile stress-strain curves obtained from nanotensile metallic
glass samples; from (a) Jang and Greer [8], and (b) Tian et al. [9]
4.5.1 Numerical model
To undertake simulations, the value of the gradient energy coecient
s1 needs to be determined; this parameter is responsible for the material
length scale in the proposed model. Following the work of Zheng et al.
[121, 122], the gradient energy coecient is taken as s1 =  lc, where  
is the fracture surface energy, and lc is the size of fracture process zone.
According to the work of Suh et al. [123], the fracture process zone size
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can be taken as lc  600m. By choosing   = 2Jm 2 for a Zr-based
metallic glass [121], a value of s1 = 1200J=m is obtained. For the other
material parameters in the constitutive model, the values listed in Tab. 4.1
are employed. Hence, the new set of parameters are shown in Tab. 4.2.
Table 4.2 List of material parameters
 = 35:7GPa  = 166:7GPa T = 0:06%
 = 0:02 v0 = 323s
 1 s1 = 1200J=m
s2 = 2800GJ=m
3 s3 = 240GJ=m
3  = 0:15
_0 = 0:00173s
 1 a = 0:02 c0 = 1:0GPa
q =  250
A schematic undeformed sample is shown in Fig. 4.12(a). The sample
is assumed to be initially fully-annealed, i.e. 0 = T throughout the whole
sample. For numerical considerations, the following assumptions are made:
(1) the free volume in the clamping sections is xed at T ; and (2) the
clamping sections will only deform elastically, whereas the gage section
will be able to undergo elastic-plastic deformations.
According to these assumptions, the model can be simplied, and
only the gage section of the test sample is modelled. Fig. 4.12(b) shows the
initial undeformed model of the sample gage section. The cuboid-shaped
model in Fig. 4.12(b) has a length of l, width w and thickness w, i.e. its
cross section is square. The aspect ratio l=w = 8 follows the experiments
of Jang and Greer [8]. The top (bottom) surface of the model coincides
with the interface between the top (bottom) clamping section and the gage
section, which is illustrated in Fig. 4.12(a).
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Figure 4.12 Schematic diagram of an undeformed nanotensile specimen
The model shown in Fig. 4.12(b) is then meshed using 1728 contin-
uum three-dimensional linear hexahedral elements, as illustrated in Fig.
4.12(c). The bottom surface is constrained from moving along axis-3, and
velocity boundary condition is applied to the top surface to simulate simple
tension. All the simulations in this section are conducted using the mesh
prole shown in Fig. 4.12(c).
The following microscopic boundary conditions (MBC) are imposed:
(1) The free volume at the (top and bottom) end surfaces are xed
at T , since these surfaces are constantly in contact with the clamping
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sections; it means imposing  = T ! _ = 0 at the end surfaces. This
resembles an essential boundary condition.
(2) No free volume is allowed to enter or leave through the lateral/free
surfaces; i.e. imposing @
@n
= r  n = 0 on the lateral/free surfaces. This
is because these is no mechanism for free volume to ow in/out of the free
surfaces. This resembles a natural boundary condition.
4.5.2 Mechanical response of small-volume metallic glass sam-
ples
All the tensile loading simulations described in this section are for a
constant true strain rate of 1 10 4s 1, and based on the material param-
eters listed in Tab. 4.2. Furthermore, a few elements at the center of the
model, shown in Fig. 4.12(c), are assigned a lower initial resistance value
(c0 = 0:94GPa) to serve as nucleation sites for shear localisation [36].
In this work, three dierent model sizes are simulated, i.e. l = 111nm
and w = 13nm (Simulation A1), l = 97nm and w = 12nm (Simulation B1),
and l = 83nm and w = 10nm (Simulation C1). The deformed meshes for
Simulations A1, B1, and C1 shown in Fig. 4.13(a) illustrate that all the
samples undergo homogeneous deformation from a macroscopic perspective
- i.e. at a true strain of 8.34%, the cross-sectional area of each sample can
still be treated as uniform.
The stress-strain curves obtained for Simulations A1, B1 and C1 are
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Simulation A1 Simulation C1Simulation B1
(a)
(b)
Figure 4.13 Deformed nite element meshes of nano-tensile samples for Simula-
tions A1, B1 and C1 at a true strain of 8.34%
shown in Fig. 4.13(b), which indicate conventional metal material-like
work-hardening, although no hardening mechanism is evident in metallic
glass. Furthermore, the rate of strain-hardening is also predicted to in-
crease with decreasing sample size. This trend is similar to crystalline
metals experiencing dislocation-based energetic gradient hardening eects
[124, 125], although geometrically necessary dislocations are not present in
metallic glasses. The stress-strain curves in Fig. 4.13(b) are signicantly
92
Chapter 4. Specic form of model with application to small scale metallic
glasses
dierent from the strain-softening response exhibited by bulk metallic glass.
The contours of plastic shear strain and free volume in the deformed
models at a true strain of 8.34% are illustrated in Fig. 4.14, and they show
that the average plastic shear strain and free volume reduce with a smaller
sample size. Simulations A1, B1 and C1 show that nano-sized metallic glass
specimens become more resistant to plastic deformation and free volume
creation, with reducing sample sizes. Fig. 4.14 also shows that although
the initial free volume distribution within each undeformed sample was
assumed to be homogeneous, plastic deformation causes the development
of a heterogeneous free volume distribution for these nano-sized samples.
To qualitatively compare the current theoretical and numerical re-
sults with physical experimental data shown in Fig. 4.11(a), cyclic nano-
tension simulations are performed for samples in Simulation A1/B1/C1,
and are dened as Simulation D1/E1/F1, respectively. Starting from an
initially undeformed state, the following deformation histories for simula-
tion of cyclic tension are imposed: Loading step 1. Each sample is stretched
to a true strain of 2.96%; Unloading step 1. At a true strain of 2.96%, com-
plete unloading of each sample is simulated; Loading step 2. Once zero
stress is attained, each sample is then stretched to a true strain of 5.83%;
Unloading step 2. At a true strain of 5.83%, complete unloading of the
sample is again simulated; Loading step 3. Once zero stress is attained,
each sample is then stretched to a true strain of 8.62%.
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(l=83nm)
  Simulation B1 
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  Simulation A1 
(l=111nm)
  Simulation C1 
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Figure 4.14 Contour plots of plastic shear strain and free volume for Simulations
A1, B1 and C1, at a true strain of 5.83%
The cyclic tension stress-strain curves for Simulations D1, E1 and F1
are shown in Fig. 4.15(a), which shows qualitatively similar stress-strain
responses to the experimental results in Fig. 4.11(a). The following phe-
nomena can be concluded from the stress-strain curves in Fig. 4.15(a) and
(b): (1) the residual plastic strain (distance from the origin to the inter-
section of the stress-strain curve and the true strain axis) increases with
additional loading-unloading steps, (2) the yield stress in each subsequent
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loading step increases to the plastic ow stress value of the previous load-




























































  Simulation C1 (l=83nm)
  Simulation B1 (l=97nm)
  Simulation A1 (l=111nm)
  Simulation C2 (l=83nm)
  Simulation B2 (l=97nm)
  Simulation A2 (l=111nm)
  Sim F1 (l=83nm)
  Sim E1 (l=97nm)
  Sim D1 (l=111nm)
Cyclic loading
Figure 4.15 (a) True stress-strain curves for Simulations D1, E1 and F1; (b) True
stress-strain curves for Simulations A1, B1, C1, A2, B2 and C2. The
stress-strain response for Simulations A2, B2 and C2 are identical.
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4.5.3 Eect of microscopic boundary conditions on the defor-
mation behaviour of metallic glasses (Type A size-eect)
As the sample volume becomes smaller, the eect of boundary con-
ditions become more important. To investigate the eect of MBC on the
deformation of small-sized metallic glass samples, the natural MBC, i.e.
r n = 0 is imposed on the top and bottom surfaces, instead of the essen-
tial MBC, for the models in Simulation A1/B1/C1 and these are denoted
as A2/B2/C2.
The monotonic tensile stress-strain curves for Simulations A2, B2 and
C2 are plotted in Fig. 4.15(b), along with Simulations A1, B1 and C1. This
gure shows that the stress-strain curves for A2, B2 and C2 are identical.
The contours of plastic shear strain and free volume in Fig. 4.16 indicate
that Simulations A2, B2 and C2 have undergone homogeneous deformation.
Furthermore, no shear banding is evident in all cases. It is clear that A2,
B2 and C2 show classical post-yield strain-softening, typically exhibited by
BMG.
The stress-strain curves for Simulations A1/B1/C1 and A2/B2/C2
shown in Fig. 4.15(b) indicate that the characteristics of post-yield be-
haviour are determined by the types of MBC imposed on small-sized metal-
lic glass samples. This can also be veried by comparing the contours in
Fig. 4.14 and 4.16; they illustrate that the free volume distribution within
the deformed samples in Fig. 4.14 becomes heterogeneous due to the ap-
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Figure 4.16 The contour plots of the plastic shear strain and free volume for
Simulations A2, B2 and C2, at a true strain of 5.83%
plication of dierent MBC.
To study the eect of free volume heterogeneity within a sample,
note that the evolution equation for plastic shear strain corresponding to
the rate-independent limit to simplify the analysis, i.e. as a! 0, Eq. (4.8)
and (4.10) reduces to the yield function:
    p = int + s2(   T ) + c (4.45)
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The collective term on the right-hand side of Eq. (4.45) represents the
total resistance to plastic deformation, and contains local terms and also
the non-local quantity int. Taking the time-derivative of the yield function
Eq. (4.45), and using Eq. (4.11) yield
_   _p = _int + (s2 + qc) _ (4.46)
With an increasing sample size, i.e. as l ! 1, the quantities int ! 0
and _int ! 0. If the free volume remains uniformly distributed within a
sample during deformation, as Simulations A2, B2 and C2 have shown in
Fig. 4.16, it can also be shown that int ! 0 and _int ! 0 at all times.
Contours of the interaction stress for Simulations A1, B1 and C1 are
plotted in Fig. 4.17, which shows that the long-range interaction stress,
int throughout each deformed sample is positive. This implies that during
plastic deformation, each material point within the sample for Simulations
A1, B1 and C1 has experienced a positive interaction stress rate, i.e. _int >
0. Hence, from Eq. (4.46), it can be seen that a positive interaction stress
rate increases the total resistance to plastic deformation.
To determine whether work-hardening is evident in metallic glass,
Eq. (4.46) is analysed for one-dimensional, uniaxial tension. Assuming that
detF  1, the eective shear stress can be determined as  = Ta=
p
3, where
Ta denotes the applied true (Cauchy) stress, and p =  Ta=3. Therefore,
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Figure 4.17 Contour plots of long-range interaction stresses between defects for
Simulation A1, B1 and C1, for a true strain of 5.83%










3 + (1=3)  1=p3 for the case of samples with a square cross
section, as shown in Fig. 4.12(b), the interaction stress can be written as
int  s1l 2(   T ) ) _int  s1l 2 _. Therefore, with a decrease in
sample size, the non-local term will dominate the local terms on the right
hand side of Eq. (4.47). Hence, for decreasing sample sizes, i.e. as l ! 0,






 2 > 0 and free volume is created during plastic deformation, Eq.
(4.48) shows that metallic glass is capable of exhibiting work-hardening.
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For Simulations A2, B2 and C2, since the interaction stress _int = 0, Eq.
(4.47) reduces to
_Ta  (s2 + qc) _ (4.49)
Since _Ta < 0 during plastic deformation, Eq. (4.49) can lead to the con-
clusion that s2 <  qc.
Hence, the work-hardening stress-strain response observed in Simu-
lations A1, B1 and C1 can be explained as follows: the MBC creates a
heterogeneous free volume distribution within the deformed sample; for
the condition ( _ > 0) during plastic deformation, the requirement of _int >
 (s2+ qc) _ needs to be satised for work-hardening during plastic defor-
mation.
4.5.4 The inuence of sample size on material strength for metal-
lic glass (Type B size-eect)
Recent nano-tensile experiments conducted by Volkert et al. [17]
showed that small-sized amorphous Pd77Si23 metal exhibits a \smaller is
weaker" behavior - i.e. the yield stress decreases with a decrease in sample
size. However, Jang and Greer [8] and Wang et al. [10] proposed that small-
sized metallic glass should exhibit a \smaller is stronger" phenomenon, i.e.
the material yield stress increases with decreasing sample size. To date,
there is still no commonly-accepted theory to explain either phenomenon,
and the problem is still unresolved. Hence, this issue is discussed in this
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sub-section.
Free volume \frozen" phenomenon
Recalling the stress-strain response for cyclic loading-unloading in
Simulations D1, E1 and F1 shown in Fig. 4.15(a), the yield stress in each
subsequent loading step has the same value as the plastic ow stress of
the previous loading step. Furthermore, the free volume distributions for
Simulations D1/E1/F1 at (1) Instant A: the beginning of Unloading step 2,
and (2) Instant B: a true strain of 5.83% when plastic ow starts to occur
during Loading step 3, are exactly the same as the free volume distribution
shown in Fig. 4.14 for Simulation A1/B1/C1. Therefore, the numerical
simulations show that the free volume distribution in each sample do not
change during elastic unloading and reloading. With regard to Simulations
D1, E1 and F1, the yield stress in each subsequent loading step has the
same value as the nal ow stress of the previous loading step.
Free volume generation during the elastic loading and unloading steps
of Simulations D1, E1 and F1 can also be investigated by the following
calculations: rst, assume that the free volume generation term due to
the hydrostatic pressure can be neglected, and then write the free volume







(   T ) (4.50)
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Since T is a constant, Eq. (4.50) can be rewritten as






(   T ) (4.51)
where K = vm(s1=s3) and vm = v0
p
exp( =), as mentioned previously.
In one dimensional form, the characteristic time-scales for the free
volume diusion and relaxation times, D and R, respectively, can be de-















where lh is half the length of the sample, i.e. lh = l=2. For a comparison,
the specimen size modeled in Simulation C1/F1 is chosen, i.e. lh = 41:5nm
and the values of D and R are plotted in Fig. 4.18, with respect to values
of free volume slightly larger than the values of free volume shown in Fig.
4.14. Next, the characteristic time-scale for the numerical simulations is
dened as S  1= _s where _s = 1  10 4s 1 represents the applied de-
formation rate in the numerical simulations, and S is also plotted in Fig.
4.18 for comparison. Fig. 4.18 shows that D  S and R  S. Hence,
the eect of free volume diusion and relaxation can be neglected for the
simulations in the current research, and Eq. (4.6) can be further reduced
to _   _, i.e. free volume creation is only caused by plastic deforma-
tion. Thus, with regard to Simulations D1, E1 and F1, the distribution of
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free volume and total resistance to plastic deformation within the samples
do not change signicantly during elastic loading/unloading. This results
show a \frozen" free volume phenomenon at room temperature in the ab-
sence of plastic deformation, since free volume relaxation and diusion have
negligible eect on free volume generation for the simulation time-scales in
the current research. This means that elastic loading/unloading will not
inuence the free volume and plastic resistance within samples.























































Figure 4.18 Characteristic time-scale for free volume diusion and relaxation
with respect to free volume.
To link the results of the current theoretical and numerical work to
the Type B size-eect observed with room temperature tensile experiments
on small-volume samples, it should be noticed that metallic glasses are in-
herently heterogeneous due to randomly distributed free volume [104]. Be-
fore deformation, an initially heterogeneous free volume distribution can be
induced and \frozen" within a metallic glass sample at room temperature
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(due to sluggish free volume diusion and relaxation kinetics) through non-
equilibrium sample processing conditions [126], and this can possibly gener-
ate interaction stress within small-volume metallic glass samples. Hence, if
the initial interaction stresses are suciently large, a small-volume sample
will show a dierent yield stress compared to its bulk counterpart.
\Smaller is stronger"
The hypothesis described is now examined and compared with the
experimental results of Wang et al. [10]. The following analytical calcu-
lation is explored: consider a cylinder sample with an initial diameter d0
and an initial length l0. Let  dene the radial coordinate in the reference
conguration. According to Ref. [126], free volume will reduce after sub-
Tg annealing. In Wang's work, they used a lowered voltage (15keV) at the
nal step of focused ion beam (FIB) ne milling when fabricating samples.
The FIB may cause temperature increase and yield \annealing" process on
the outer surface. Therefore, it is possible that the free volume distribu-
tion has a \centre-high-surface-low" pattern. For simplicity, the initial free
volume prole is assumed to have a parabolic distribution along its radial
coordinate, i.e.
0 = ^0() = max   (max   min)2 (4.53)
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where  is the normalized radial coordinate, and  = 2=d0. The constants
max > 0 and min > 0 denote the sample processing-induced initial free
volume at the center of the sample and at the outer surface, respectively.
The initial free volume prole is plotted in Fig. 4.19(a). At room temper-
ature, the eect of free volume diusion and structural relaxation can be
neglected, and the plastic response is rate-independent. Furthermore, the
generation of free volume due to hydrostatic pressure is also neglected in
the current analysis. Therefore, at yield, the free volume distribution in
the sample will be identical to the initial free volume distribution given by
Eq. (4.53), i.e.  = 0.
With these assumptions, and the relationship s1 =  lc, for a cylin-
drical sample experiencing plastic deformation under uniaxial tension, the















+ s2(   T ) + c

(4.54)
Also, assuming that initial resistance, c0 = c^0(), since  = 0 and c = c0
at yield, substitution of Eq. (4.53) into (4.54) yields the yield strength for
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(s2(0   T ) + c0)

(4.56)
where Y1 represents the yield strength of the bulk material. Subtraction
of Eq. (4.56) from (4.55) yields
Y   Y1  16
p
3 lc(max   min)d 20 (4.57)
Eq. (4.57) shows that small-volume samples have a higher yield strength
compared to their bulk counterparts, since the right-hand side is always
positive, and a d 2 variation for the yield stress is identied.
The current analytical solution is now compared with the experiments
of Wang et al. [10], which was conducted using Al-based metallic glasses.
The variation of yield strength with sample size in Wang's experiments
is plotted in Fig. 4.19(b). It shows that the yield stress decreases with
increasing of sample size, with a minimum value of 1:10GPa; this is the
yield stress of bulk material. For a quantitative comparison, the following
parameter values are used:    2Jm 2 [121, 122], and lc  600m [123].
From the orientation of the fracture surface with respect to the loading
axis,   59 [10], the free volume creation parameter   0:45 can be
obtained by the relationship given by Zhao and Li [127].
The comparison of the present model with the experimental data
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Yield strength for bulk material: 1.10 GPa (Yang et al., 2009)
Present model
Experiments (Wang et al., 2012)
minξ
maxξ
( ) min1ξ ξ=
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Figure 4.19 (a) Assumed initial free volume distribution in a cylinder metallic
glass sample. (b) Fitted yield strength from current analytical cal-
culations with nano-tensile experimental results in [10].
in Ref. [10] is shown in Fig. 4.19(b) for max   min = 0:07%. This
demonstrates the \smaller is stronger" trend clearly.
\Smaller is weaker"
Regarding the initially heterogeneous free volume distribution func-
tion Eq. (4.53), the free volume was assumed to have its maximum value
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at the center while the minimum value is at the boundary. However, the
opposite may also be valid, i.e. (0) = min and (1) = max. This is
inspired by the fact that in Volkert's work [17], they used a 30keV FIB to
fabricate samples. This high voltage provides more energy at the surface
of the sample compared to Wang's work [10], and may lead to higher free
volume near the surface, yielding a \centre-low-surface-high" free volume
distribution pattern. In Volkert's paper [17], they also indicated explicitly
that an ion beam could conceivably introduce defects or free volume near
the sample surface. Based on this assumption, the free volume distribution
in the radial direction can be re-written as
0 = ^0() = min + (max   min)2 (4.58)






 16 lc(max   min)d 20 + min
01
(s2(0   T ) + c0)

(4.59)
Therefore, the dierence between the yield stress for small and bulk samples
becomes
Y   Y1   16
p
3 lc(max   min)d 20 (4.60)
Similar as the discussion in \smaller is stronger" case, Eq. (4.60) also
indicates that the variation of yield stress is proportional to d 2 for \smaller
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is weaker" case. Besides, it shows that small-volume samples have a lower
yield strength compared to their bulk counterpart, since the right-hand side
of Eq. (4.60) is always negative. Keeping the other parameters the same as
in the previous study, a comparison of the present model with experimental
data in Ref. [17] is shown in Fig. 4.20(b), with max   min = 0:14%.
Although the available experimental data is limited to the nano-range in
their work, the \smaller is weaker" trend is still illustrated clearly in this
gure.
Discussion on free volume distribution
From the preceding descriptions, both \smaller is stronger" and \smaller
is weaker" topics are discussed, assuming that the free volume in the ra-
dial direction has a quadratic distribution. A d 2 variation for the yield
strength has been identied for small-sized metallic glasses through a the-
oretical analysis. However, distributions not of quadratic form are also
possible. To investigate the inuence of free volume distribution on the
yield stress, a general form of the free volume distribution is assumed
0 = ^0() = max   (max   min)n (4.61)
where  is the normalized radial coordinate, and  = 2=d0. The constant
n is an exponent indicating the free volume distribution prole. n  2
is assumed here since the free volume is more likely to have a non-linear
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Experiments (Volkert et al., 2008)
Yield strength for bulk material: 1.90 GPa
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Figure 4.20 (a) Assumed initial free volume distribution in a cylindrical metallic
glass sample. (b) Fitted yield strength based on current analytical
calculations and nano-tensile experimental results in [17]
distribution. Substitution of Eq. (4.61) into (4.54) yields the dierence in
strength between small samples and bulk materials.
Y   Y1  4n2n 2d n0 (4.62)
where the constant  is dened by  p3 lc(max   min). Eq. (4.62)
shows that the non-local term is a function of radial coordinate. Therefore,
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in order to evaluate the yield stress of the whole sample, a rule-of-mixtures
is assumed. Considering an innitesimal ring element at position r = , the
volume fraction of this element is 2d
r2
. The overall yield stress variation
of the whole sample can be estimated by






















Eq. (4.63) shows that as long as n  2, a d 2 variation for yield stress can
be obtained. This conclusion is in accordance with preceding \smaller is
stronger" and \smaller is weaker" discussion.
Summary
Despite numerous simplications made in the current study, the pro-
posed theory is able to quantitatively reproduce the experiments in Ref.
[10] and [17], and exhibit both \smaller is stronger" and \smaller is weaker"
phenomena for metallic glass, by assuming dierent initial heterogeneous
free volume distributions. According to the current model, the dierent
behaviours corresponding to the Type B size eect seen in nano-tensile ex-
periments can be explained. The dierence between these two phenomena
is caused by the initial free volume prole. The preceding analysis illus-
trates that for small-volume metallic glass samples, a positive free volume
gradient along the radial direction will cause a positive interaction stress,
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leading to a \smaller is stronger" phenomenon, while a negative free vol-
ume gradient along the radial direction will cause a negative interaction
stress, leading to a \smaller is weaker" phenomenon.
4.6 Conclusion
In this chapter, a constitutive model based on non-local theory is
formulated. This model is then modied for implementation in the nite
element analysis, by applying a weak form of the free volume governing
equation. A gradient calculation method is also proposed to calculate the
Laplacian term of the free volume; this non-local term acts as an interaction
stress, and is essential for the size eect of metallic glass. Two types of size
eects were discussed. Type A implies that small metallic glass samples can
show post-yield work-hardening, while Type B indicates that small-volume
metallic glass may exhibit a \smaller is stronger", or \smaller is weaker"
phenomenon. According to the simulation and theoretical analysis, the
present study shows that the Type A size-eect is caused by imposing
suitable microscopic boundary conditions, while the Type B size-eect is
caused by the initial heterogeneous free volume distribution pattern.
This nding is signicant for a greater understanding of micro-mechanisms
in small-sized metallic glass materials.
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Chapter 5. Experimental investigation and
constitutive modelling of in-situ BMGC un-
der static and dynamic loading
5.1 Introduction
Bulk metallic glass composites (BMGC) have been widely investi-
gated because they are capable of exhibiting signicant plasticity, compared
to its monolithic BMG counterparts. BMGC is synthesized by incorporat-
ing a reinforcement phase into BMGmatrix. However, most of these studies
have focused on Zr-based BMGC, and more experimental data for dier-
ent classes of BMGCs is needed for a better understanding of this type of
material. Moreover, since there is little information on the rate sensitivity
of BMGC, and how strain rate aects its deformation, more experimental
investigations are needed for a better understanding of this material.
Constitutive models are used to describe the mechanical behaviour
of materials. Researchers have done extensive work on constitutive mod-
elling of BMG. However, most of the models have focused on BMG at high
temperatures. The one developed by Anand and Su [36] is suitable for
room temperature, but their work is only applicable to monolithic BMG
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material. To date, little work has been done on constitutive modelling of
BMGC at room temperature.
Therefore, in this study, the La-based BMGC developed by Lee et
al. [11] is examined extensively by various experimental techniques. The
experimental results are analysed and discussed in detail, and include the
deformation mechanism, rate-dependence, and the inuence of degree of
crystallinity. High speed IR imaging is also applied to capture the tem-
perature rise during deformation. A constitutive model is then established
based on the constitutive framework proposed in Chapter 3, by impos-
ing homogenization. Numerical simulations are performed, and the results
validate the proposed model.
5.2 Material fabrication and testing
In this study, La74Al14Cu6Ni6 BMGC alloy with a crystalline dendrite
phase of 50% volume fraction 1was prepared by arc-melting a mixture of
La (99.9%), Al (99.9%), Ni (99.98%) and Cu (99.9999%) in an argon at-
mosphere, according to the work of Lee et al. [11]. The molten alloy was
then injected into a copper mold to produce ingots. The as-cast ingots
were machined into small cylindrical specimens of 4mm diameter. Samples
with two aspect ratios 2:1 and 1:1 were fabricated, for static and dynamic
compression tests, respectively. The microstructure of the composites were
1For simplicity, the crystalline phase volume fraction is denoted as vf
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examined by optical microscopy as shown in Fig. 5.1, where, the black ar-
eas represent the crystalline -La phase and white areas are the monolithic
amorphous phase [11]. The X-ray Diraction (XRD) pattern of this com-
posite is illustrated in Fig. 5.2, and the volume fraction of the crystalline
phase is around 50%, which is measured from the micrograph, using image
analysis.
Compressive tests at quasi-static strain rates were performed using
an Instron 8874 universal testing machine. The specimen contact surfaces
were ground and lubricated by molybdenum disulphide (MoS2) to reduce
friction. Constant strain rates between 6  10 5=s  1  10 2=s were
applied; these were measured directly from the strain gauge attached to
the specimen. Dynamic compression tests were conducted using a Split-
Hopkinson Pressure Bar (SHPB) device. Annealed copper disks were em-
ployed as pulse shapers, and inserted between the striker and the input bar
to promote stress equilibrium and strain rate consistency during plastic de-
formation. In the tests, the strain rates ranged from 200=s  1600=s. The
fracture surfaces and microstructures were observed using eld emission
scanning electron microscopy (FE-SEM).
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Figure 5.1 Microstructure of as-cast BMGC sample using optical microscopy
Figure 5.2 XRD pattern of as-cast BMGC sample
5.3 Analysis of Results
5.3.1 Characterization of deformation mechanisms for static and
dynamic loading
True stress-strain curves of La-based BMGC with vf = 50% are shown
in Fig. 5.3. The solid line is the stress-strain curve for a strain rate
of 0:008=s, which falls within the quasi-static region. It shows a 'three-
segment' pattern; from point o to a the response is purely elastic, where by
the entire specimen is homogeneously deformed and no plastic deformation
occurs. When the load reaches point a, the soft dendrite phase begins to
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yield, and part of the load is transferred to the surrounding amorphous
matrix. During this stage, the mist of strain causes stress concentration
and micro shear bands begin to initiate at phase boundaries. With an in-
crease in load, hardening of the dendrite phase begins to reach its limit.
Shear bands then begin to propagate either along phase boundaries or cut
through the crystalline phase and thereby initiate micro-cracks. When
the load reaches point b, shear bands and micro-cracks begin to propagate
into the amorphous matrix. Since no hardening mechanism is evident in
the amorphous phase, the material shows a plateau in stress behavior (it
means the stress reaches a limiting value). The dendrite phase causes shear
bands to be easily hindered; this will release energy slowly and result in fur-
ther ductile deformation. The serrated plastic ow after point b indicates
the crack propagation and be hindered. The material exhibits catastrophic
fracture at point x, when the crystalline phases can no longer sustain the




Figure 5.3 True stress-strain curve for BMGC vf = 50% at dierent strain rates
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The dashed curve represents the material behaviour at a dynamic
strain rate. It shows a lower ultimate stress compared to the static one,
and the dynamic curve has a lower value corresponding to point b; the
physical reason for this dierence is discussed later.
To study the deformation mechanism, BMGC fracture surfaces for
quasi-static compression were observed using FE-SEM, and the images are
shown in Fig. 5.4; Fig. 5.4(b) is a magnication of the area (b) in Fig.
5.4(a), and provides a detailed view of the dendrite structure and the micro-
cracks. Since typical fractography patterns of amorphous and crystalline
phases exist on the fracture surface; i.e. vein pattern for the amorphous
phase and slip bands for the crystalline phase, the fracture surface can
be roughly divided into amorphous and crystalline regions according to
these characteristics. Some microstructural features can be clearly seen in
Fig. 5.4. Plastic slip bands are found within the crystalline phase. These
slip bands may cause a strain mismatch between the two phases, and stress
concentration. With the development of plastic deformation, the mismatch
grows, and micro-cracks may initiate. However, because of the crystalline
phase, these micro-cracks can be hindered from propagation; this is also
shown in this gure. These features are similar to ndings on dierent
classes of BMGC[85], and should be the basic deformation mechanism of
this type of material.
To further conrm this phenomenon, low magnication SEM photo-
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Figure 5.4 Micrograph of fracture surface for quasi-static compression
graph of BMGC are shown in Fig. 5.5, and compared with that of mono-
lithic BMG alloy. Fig. 5.5(a) shows the fracture surface of pure La-based
BMG, while Fig. 5.5(b) shows the fracture surface of BMGC for quasi-
static compression (strain rate 0.008/s), and Fig. 5.5(c) illustrates the
fracture surface of BMGC for dynamic loading (strain rate 1000/s). The
fractographic patterns of these three gures are dierent. A comparison
of Fig. 5.5(a) with (b) and (c) reveals the dierences between BMG and
BMGC. The fracture surface in Fig. 5.5(a) shows a continuous strip vein
pattern(this vein pattern is characterised by the rough texture area with
dimple patches). The entire fracture surface is relatively at. However, for
BMGC in (b) and (c), the vein pattern areas are reduced to small regions
and not connected. Moreover, the boundaries between the amorphous and
crystalline phases are not smooth compared to (a); they are actually jagged
and have some dierences in height level. Consequently, the fracture sur-
face of BMGC is not as at as that of its BMG counterpart, but has some
undulations. This observation suggests that catastrophic fracture in BMG
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is initiated in some weak area and propagates rapidly to failure; this results
in a at fracture plane with vein pattern. However, for BMGC, the jagged
pattern indicates that the fracture surface is more likely to be generated
by a connection of multiple micro-cracks.
(b) (c)
(a)
Figure 5.5 (a) Fracture surface of BMG for static compression; (b) Fracture sur-
face of BMGC for static compression; (c) Fracture surface of BMGC
for dynamic compression
Next, the eect of strain rate on fracture of BMGC is studied. As
mentioned earlier, Fig. 5.5(b) shows the fracture surface for quasi-static
loading. The surface is characterised by small amorphous and crystalline
patches, separated by steps. Fig. 5.5(c) illustrates the fracture surface after
dynamic compression. A comparison of (b) and (c) shows that the patches
of the amorphous phase for the dynamically-loaded sample is larger than
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that of the statically-loaded sample. Consequently, dynamically deformed
BMGC, the number of patches is smaller and the boundary between adja-
cent patches is longer. Previous analysis shows that micro-cracks tend to
initiate and propagate along phase boundaries, so longer boundary between
two patches, as shown in Fig. 5.5(c), suggests that material deformed at
dynamic strain rates has longer micro-cracks, but fewer of them.
To further examine the microstructure of deformed samples, speci-
mens (both as-cast and deformed) were cut into half, and the cut surfaces
were chosen to be remote from the sides and fracture surface to avoid the
inuence of these exposed boundaries. The cut surfaces were then ground
and polished for observation using optical microscopy. Fig. 5.6(a) is the
microstructure of an as-cast sample, while (b) and (c) are the microstruc-
tures of deformed samples loaded to fracture at static and dynamic strain
rates, respectively. The dendrite phase shown in Fig. 5.6(a) is well-formed
and of normal geometry compared to that in (b) and (c). The dendrites
in Fig. 5.6(b) and (c) are both deformed, but (c) has a more broken and
distorted pattern. This gure shows that the microstructure of BMGC af-
ter dynamic loading exhibits a more dramatic change compared to static
loading. As shown in Fig. 5.3, the plastic deformation of statically and
dynamically loaded samples are similar. Therefore, the main reason that
can inuce the dendrite distortion should be the generation of micro-cracks.
This observation corresponds with that dynamic loading generates larger
micro-cracks.
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(b) (c)
(a)
Figure 5.6 Microstructure of sample before and after fracture. (a) Microstruc-
ture of undeformed as-cast sample. (b) Microstructure of sample
after static compression. (c) Microstructure of sample after dynamic
compression.
The fracture surface patterns for BMG/BMGC deformed at dierent
strain rates are also checked using an optical microscope at a low magnica-
tion. Fig. 5.7(a) illustrates the side view of a monolithic BMG sample after
deformation to fracture, while (b) and (c) are the side views of BMGC sam-
ples after static and dynamic compression. They show that the monolithic
BMG fracture surface is at and has an angular inclination of about 45
to the specimen axis. However, for BMGC samples, the fracture surfaces
are not at. Curved surfaces with jagged pattern can be seen on fracture
BMGC samples for both static and dynamic loading. Furthermore, the
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dynamically-loaded sample shows a more distorted surface compared with
the statically-loaded sample.
(a) BMG, Static compression (b) BMGC, Static compression (c) BMGC, Dynamic compression
4mm 4mm 4mm
Figure 5.7 Side view of failed samples for dierent loading conditions
This phenomenon can be explained as follows. Previous analysis
shows that dynamically-loaded samples have larger-sized micro-cracks. Based
on this, a schematic gure is illustrated in Fig. 5.8. With an increase
in strain rate, the characteristic length of micro-cracks increases, and its
density decreases. When catastrophic fracture occurs, these micro-cracks
propagate and connect with one another, along a path of lowest resistance.
As a result, the fracture surface of samples under dynamic loading shows
a more uneven pattern compared with that at low strain rates.
Figure 5.8 Schematic 2D illustration of micro-crack propagation for static and
dynamic loading
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Fig. 5.9 summarizes the ultimate stress and strain for vf = 50%
BMGC compressed at dierent strain rates. It shows that BMGC does not
exhibit rate sensitivity in the quasi-static range - i.e. the ultimate stress
and strain do not change with strain rate. This is because no rate-sensitive
deformation mechanism exists in the monolithic BMG phase, and little
rate-eect is exhibited by the crystalline La phase; this results in essen-
tially negligible rate sensitivity. However, when under dynamic loading,
the ultimate stress shows a slightly lower value (around 9% less), and the
ultimate strain remains almost unchanged. This result has already been
shown in the stress-strain curves in Fig. 5.3. The detailed mechanism for
this rate sensitivity of BMGC is now discussed.
As mentioned previously, BMGC material shows indiscernible rate
sensitivity at quasi-static strain rates. However, for dynamic loading, the
ultimate stress displays a lower value compared with static compression.
Furthermore, it is found that dynamically-loaded BMGC samples have
a less dense distribution of larger-sized micro-cracks. These two charac-
terstics can be related. For samples under static loading, stress within
the material is in equilibrium and homogeneous. Hence, BMGC samples
exhibit essentially rate-independent behaviour under quasi-static loading,
since there is no obvious rate sensitive mechanism. During such deforma-
tion, heat generated with the plastic deformation can dissipate quickly and
has no inuence on the material. However, when the strain rate is suf-
ciently high, heat generated by the plastic deformation and micro shear
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Figure 5.9 Strain rate sensitivity
band initiation has no time to conduct away, and hence promotes the propa-
gation of micro-cracks. This can contribute to the generation of larger-sized
micro-cracks and earlier fracture.
5.3.2 Mechanical behaviour for dierent degrees of crystallinity
In order to nd out how the degree of crystallinity inuences the me-
chanical properties, samples with vf = 41% and 63% were also fabricated
and tested. The typical stress-strain curves corresponding to dierent vol-
ume fractions are shown in Fig. 5.10. Samples with vf = 41%, vf = 50%
and vf = 63% are denoted as S1, S2 and S3, respectively. In this gure,
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only S2 shows a \three-segment" pattern, as explained previously. For S1,
the sample yield stress is a little higher than that of S2, but fracture occurs
very quickly after yielding, and the ultimate strain is around 0:02, only half
of that compared to S2. This sample shows deformation behaviour similar
to that of monolithic BMG, which means the amorphous phase dominates
the behaviour. On the other hand, S3 shows a much more ductility. The
yield stress is much lower, almost the same as that of pure La, and the
post-yield behaviour is smooth. This suggests that the crystalline phase
dominates the behaviour. These observations indicate that the deformation
and failure mode of BMGC depends on the degree of crystallinity.
The yield and ultimate stress for dierent degrees of crystallinity (in-
cluding the data from Ref. [11] and obtained in the current research) are
illustrated in Fig. 5.11. The yield stress shows a linear rule-of-mixtures
trend for samples with vf  50%. However, when the volume fraction ex-
ceeds 50%, the yield stress decreases dramatically with an increase in crys-
tallinity. The gure shows that the yield stress for vf = 63% reaches almost
the same level as that for pure crystalline material. This may be because of
topological changes in the distribution of the crystalline phase. When the
crystalline volume fraction reaches 50% or larger, its distribution changes.
The dendrites begin to connect with each other and form a network within
the composite. The role of the amorphous phase changes from being a
matrix to that of a hardening reinforcement. Therefore, the composite is
more likely to behave like the crystalline phase. The \ane deformation"
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homogenization assumption for composites changes to an \ane stress"
situation, which may lead to a much lower yield.
In terms of the ultimate stress, samples with vf  50% show an almost
linear relationship between ultimate stress and crystalline volume fraction.
This is because the stress in the crystalline phase has become almost limit-
ing. The ultimate stress is a linear combination of the plateau stress in the
crystalline phase, and the resistance in the amorphous phase. Since these
two stress levels do not change for dierent degrees of crystallinity, the
ultimate stress of the composite shows an approximate linear relationship
with the crystalline volume fraction. However, for vf < 50%, the material
fractures much earlier, before stress plateaus, and the ultimate stress is
determined mainly by the resistance of the amorphous phase, which shows
an essentially constant level.
As a result, from Fig. 5.10, Fig. 5.11 and the preceding discussion,
the BMGC with vf = 50% shows the best mechanical property. Compared
to S1 with a low crystalline volume fraction, it possesses almost the same
strength, but a much higher ductility, and compared to S3 with a high
crystalline volume fraction, it displays almost the same ductility, but a
higher yield and ultimate stress.
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Volume fraction - 41%
Volume fraction - 50%
Volume fraction - 63%
Figure 5.10 True stress-strain curves for dierent volume fraction samples
Data obtained from Lee et al. [11]
Yield Stress
Ultimate Stress
Figure 5.11 Yield and ultimate stress for samples with dierent volume fraction
5.3.3 Heat evolution during deformation
A high-speed IR camera was used to capture the heat generated by
plastic deformation during dynamic compression. Fig. 5.12 shows four
sequential thermal images captured at a rate of 3000Hz; i.e. the time
interval between images is around 0.33ms. The deformed sample shows
that the material undergoes almost homogeneous deformation, since the
temperature rise within the sample is roughly uniform. This facilitates use
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of a homogenization approach to describe the material behaviour, which
is discussed in the next section. To obtain an accurate temperature value,
the strain rate is chosen low enough to prevent fracture. In this study, the
input strain rate is only around 200/s, and the sample is unloading at a
strain of 0.04. The temperature rise within the sample is measured via the
average in the whole sample, and the temperature increases from 300K in
Fig. 5.12(a), to around 301.8K in (d); i.e. an increase in temperature of
around 1.8K. This small temperature rise during homogeneous deformation
has almost no inuence on the material mechanical behaviour. However,
this conclusion does not hold for catastrophic fracture of BMG/BMGC
material.
Figure 5.12 Four sequential IR images from a dynamic compression test (framing
rate 3000Hz)
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5.3.4 Conclusion
In this section, the deformation mechanism of La-based BMGC is
extensively studied. This material was found to be rate-insensitive for static
loading, but possess a negative strain rate eect at high strain rates. The
composite tends to have larger-sized but more sparsely distributed micro-
cracks during plastic deformation under dynamic loading, which generates a
more uneven fracture surface. The change in material property for dierent
crystalline volume fractions is also discussed, and the BMGC with vf =
50% is found to have the best mechanical properties with respect to degree
of crystallinity.
5.4 Specic form of constitutive model for in-situ
BMGC
5.4.1 Introduction and preliminary considerations in constitu-
tive modelling
In this section, a constitutive model is developed based on the consti-
tutive framework proposed in Chapter 3, and implemented in a commercial
software, Abaqus, by writing a user-dened subroutine (VUMAT) for ex-
plicit FEM analysis 2.
2It should be noted that although the model developed here is based on the me-
chanical behaviour of La-based BMGC, it can not only be applicable to this type of
material, but actually to a various classes of BMGC, as long as they show a similar
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Based on the physical behaviour of BMGC in this research, the con-
stitutive model should be able to explain some features: (1) reproduce the
stress-strain curves for samples with dierent crystalline volume fractions.
(2) predict temperatures comparable to values from high-speed IR ther-
mography. (3) be based on a rate-independent framework, since this is
actual material behaviour, and two fewer material parameters are required
compared with the rate-dependent model3. These factors are studied and
discussed.
Since the fracture of BMGC is a highly localised non-homogeneous
process, it is not appropriate for simulation from a continuum perspective.
Therefore, this research focuses only on the deformation response before
catastrophic fracture, and a homogenization assumption can be applied
throughout the material. It is well known that BMG exhibits homoge-
neous deformation at high temperatures and low stress state. However, at
low temperatures and large stresses, highly non-homogeneous deformation
is evident in the vicinity of shear bands. For room temperature BMGCs
in this study, although they show non-homogenous from the microscopic
perspective, experimental results indicate that the samples exhibit macro-
scopic homogeneous deformation. This facilitates a homogenization ap-
proach. The concept behind this is the assumption that each innitesimal
volume of material can be modelled by a representative volume element
physical behaviour as discussed previously.
3Up to date, the current work is known to be the rst to use the rate-independent
scheme to study the BMG/BMGC material
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(RVE), as shown in Fig. 5.13, and that this RVE undergoes homogeneous
and continuum deformation throughout the entire deformation. Therefore,
the model can be established in a continuum framework.
With this assumption, the denition of free volume also changes. In
general, free volume is an important parameter in quantifying micro-defects
in amorphous material, and usually has a length scale of several nanome-
ters. In the current research, this concept is extended to be a measure of
all the defects within the material. It not only includes the atomic inter-
space from the microscopic perspective, but also mesoscopic micro-cracks
created during plastic deformation. An RVE assumption ensures that these
micro-cracks are smeared and evenly distributed within the material, and
the whole sample exhibits homogeneous deformation.
Figure 5.13 Schematic diagram of represent volume element for BMGC
Thamburaja et al. [35] developed a three-dimensional, nite-deformation-
based constitutive model to describe the mechanical behaviour of BMG
in the supercooled liquid region. Later, this model is extended to study
the size-eect of BMG at room temperature [37]. However, some dicul-
ties render their models unsuitable for use in this study. (1) Their work
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focused on monolithic BMG, but the current work is on BMGC with a
large range of volume fractions. (2) Their model is valid for BMG at
supercooled liquid temperatures, but the current work focuses on the be-
haviour of BMGC at room temperature. Since the deformation mechanism
for BMG/BMGC at high and low temperatures diers signicantly, some
part of their model need to be modied. (3) A rate-dependent model is
not appropriate since current experimental results show that this mate-
rial is essentially rate-independent. In their models, a small value of the
rate-sensitivity parameter a is used to simulate the rate-independent limit.
However, simply choosing a! 0 may generate numerical instability.
In this section, a three-dimensional, large-deformation, rate-independent,
thermo-mechanical continuum theory is developed according to the consti-
tutive framework established in Chapter 3.
5.4.2 Specic form of constitutive model for BMGC
Free energy
Recall that the Helmholtz free energy density  in Eq. (3.31), without
the non-local term, can assume the form
 =  ^(Ee; ; ) =  e +   +   (5.1)
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The elastic free energy density  e is given by the classical relationship
 e =  ^e(Ee; ) =  kdevEek2 + (1=2)(trEe)2   3th(  0)tr(Ee) (5.2)
where the material parameters  > 0 and  > 0 are the shear and bulk
modulus, respectively. 0 is a reference temperature which is taken to be
the room temperature of 300K in this work. According to the work of [35],
the thermal free energy density is assumed to be
  =  ^() = cth[(   0)  log(=0)] (5.3)
where the parameter cth > 0 represents the heat capacity per unit reference
volume. The defect free energy density,  , which is a function of free
volume , is given by
  =  ^() = (1=2)s2
2   s2T (5.4)
where the constant s2  0 is the defect energy coecient. The constant
T > 0 represents the thermal equilibrium free volume, and can be ap-
proximated by a Vogel-Fulcher-Tammann(VFT)-like linear relationship of
temperature [128]: T =  + k(   ), where  is the free volume at
temperature , and k > 0 is a constant of proportionality.
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Constitutive equation





= 2(devEe) + (trEe   3th(   0))I (5.5)














wherem1  r andm2  r represent the gradient of plastic shear strain
and the gradient of free volume, respectively. This result shows that there
is no non-local term in the constitutive model.
Yield function
Since the constitutive model needs to describe rate-independent be-
havior, a yield function is dened as
 =    c (5.7)
where  =
p
1=2 kdevTek  0 is the equivalent shear stress. The mate-
rial parameter c represents the intrinsic resistance or simply resistance to
plastic shearing.
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Consistency condition
The consistency condition is given by
_ _ = 0 if  = 0 (5.8)
where _ is the plastic shear strain rate.This yields the conclusion
_ = 0 if _ 6= 0
This equation can be used to derive the rate-independent plastic ow rule
(The detailed derivation is demonstrated in Appendix A).
Evolution equation for free volume
Recalling Eq. (3.38), the free volume evolution can be described by
_ =  _ + _m
The free-volume generation rate due to mechanisms other than plastic
shearing, i.e. _m, can be determined by the same approach as in Sec-
tion 4.2. The only dierence is that the current model does not have a
non-local term, as illustrated in Eq. (5.6). Therefore, the Laplacian in Eq.
(4.6) vanishes, and the free volume generation rate is given by
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(   T ) (5.9)
with all the material parameters having the same interpretations as in
Section 4.2.
Evolution law for resistance








where h is the initial hardening modulus (with units of stress) and controls
the rate of strain-hardening with plastic shear strain, and b is the hardening
exponent. c is the limiting resistance, and will decrease with an increase
in free volume; it can be calculated directly from
c = c0[1  (   T )] (5.11)
where c0 is the initial limiting resistance and  is a dimensionless parameter
which controls the dependence of resistance degradation and free volume
increase.
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Balance of energy
Assuming that the material obeys Fourier's law of heat conduction
q =  kthr (5.12)
where kth is the coecient of thermal conduction, substitution of Eq. (5.1)
into (3.58) yields
 = 3th(trE
e) + cthlog(=0) + s2k (5.13)
Before fracture, the heat generated is mainly contributed by the crystalline
phase, since most of the amorphous phase is still in the elastic region.
Therefore, it can be assumed that the mechanical dissipation rate per unit
reference volume associated with plastic shearing is related to the degree
of crystallinity. By combining Eq. (5.12), (5.13) and the First Law of
Thermodynamics in Eq. (3.23), the evolution of temperature can be derived
cth _ = kth(r2)  3th(tr _Ee)   s2k _ +
n





where _r is dened as the heat generation rate.
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5.4.3 Material parameter calibration
From the model described, the material parameters that need to be
calibrated are
f; ; ; k; ; th; _0; a; ; s2; s3; h; b; c0; c0; ; cth; kthg
The annealed free volume value can be calculated from the Grest-





T   Tref +
q
(T   Tref )2 + d2T

(5.15)
where d1, d2 and Tref are material parameters and are given values of
d1 = 46981K, d2 = 162K and Tref = 672K for BMG [34]. As a result, Eq.
(5.15) yields a result of  = 0:0006 for a room temperature of T = 300K,
and this temperature is chosen as the reference temperature for the free
volume, i.e.  = 300K. The coecient k = 1:375
 5=K is assumed
according to the work of [128]. The free volume creation parameter is taken
to be  = 0:02, according to [130]. From the work of Thamburaja et al. [37],
the defect energy coecient and free volume generation resistance values
are based on experimental tests on La-based BMG, i.e. s2 = 2800GPa
and s3 = 240GPa, respectively. Taking a typical compression rate at
room temperature of 1  10 3s 1 as reference, the reference shearing rate
is _0 = 1:73 10 3s 1.
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From the work of Zhang et al. [30], the heat capacity and thermal
conductivity is taken to be cth = 2:54MJ=(m
3 K) and kth = 5:6W=(K m),
respectively. The linear thermal expansion coecient th, is assigned a
value of 15:3 10 6=K, which is from tests on La-based BMG alloy [131].
The commonly-used material parameters for La-based BMGC is sum-
marized in Tab. 5.1.
Table 5.1 List of material parameters
 = 0:0006 k = 1:375 5=K  = 300K
th = 15:3 10 6=K _0 = 0:00173s 1  = 0:2
s2 = 2800GPa s3 = 240GPa cth = 2:54MJ=(m
3 K)
kth = 5:6W=(K m)
The Young's modulus of La-based BMGC was obtained from the true
stress-strain curve, which varies with degrees of crystallinity. The Poisson's
ratio of La-based BMGC is taken to be 0.33, which is the average between
monolithic La-based BMG [132] and pure Lanthanum [133]. From this, the
shear and bulk moduli can be determined.
The resistance-related parameters get undetermined are
fh; b; c0; c0; g
These should be derived from experimental data for dierent degrees of
crystallinity. c0 can be calculated directly from the initial yield stress. h
and b are tted according to the shape of the initial post-yield response. c0
and  are calibrated according to the shape of limiting post-yield response.
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As discussed earlier, BMGC with vf < 50% exhibit catastrophic fracture
before hardening plateaus; this is because deformation in the amorphous
phase is the dominant mechanism. Therefore, c0 and  can be chosen to t
the curve with many possibilities. However, since the plastic deformation
for BMGC with vf < 50% is small, there is no point in simulating it using
such a complex model. Therefore, the proposed model focuses on BMGC
with vf  50%, which can experience relatively large plastic strain.
After calibration using experimental data, the other material param-
eters for BMGC with vf = 41%, vf = 50% and vf = 63% are calculated
and summarised in Tab. 5.2, Tab. 5.3 and Tab. 5.4, respectively.
Table 5.2 List of material parameters for vf = 41%
 = 13:2GPa  = 34:3GPa h = 170GPa




Table 5.3 List of material parameters for vf = 50%
 = 13:2GPa  = 34:3GPa h = 90GPa




Table 5.4 List of material parameters for vf = 63%
 = 12:0GPa  = 31:4GPa h = 48GPa




It should be noticed that many of the parameters in this model are
actually temperature dependent. However, in the present study, the tem-
perature increase within the material in very small (around 2K), and thus
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has little inuence. For simplicity, all the parameters are assumed to be
temperature independent, unless explicitly indicated.
5.4.4 Finite element implementation of model in simulation
The constitutive model developed is implemented in Abaqus by writ-
ing a user subroutine (VUMAT). The detailed explicit time-integration pro-
cess is given in Appendix B. The initial undeformed geometry and boundary
conditions of the test sample subjected to simple compression is shown in
Fig. 5.14(a). The cylindrical gage section has a length l = 8mm and a
diameter d = 4mm, which are the same as those in experiments. This
model is meshed using 1920 continuum three-dimensional hexahedral el-
ements as shown in Fig. 5.14(b), and used for all simulations. Nominal
stress is calculated from the total reaction force on the top surface divided
by the initial cross sectional area. The nominal strain is measured by the
absolute displacement in the z-direction of a reference point P on the top
surface, divided by the initial gage length l; i.e.  = rz=l, where rz is the
position of a material point in the z-direction. The average temperature in
the sample is dened as  = 1
V
R
R dV , where V is the total volume of the
sample and R is the entire domain in the reference conguration.
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Figure 5.14 Schematic diagram of an undeformed compression test specimen and
the initial mesh
Rate-sensitivity study of constitutive models
In order to highlight the advantage of the proposed rate-independent
(RI) model, simulations are also carried out using the classical rate-dependent





, where a is the rate sensitivity parameter,
and a ! 0 implies rate-independence. In this study, a = 0:01 is chosen
to approximate rate-independent material behaviour [36, 37, 134]. Strain
rates of 0:01=s and 10=s are simulated to study the rate sensitivity of the
model, and this deformation rate is applied to both the RD and RI model.
The stress-strain curves for BMGC with vf = 50% are illustrated in Fig.
5.15 for these simulations. This gure shows clearly that the RI model can
reproduce the observation that the mechanical behaviour of BMGC does
not change with strain rate. However, for the RD model, even with the rate
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sensitivity parameter a set to a very small value, the dierence in the stress-
strain curves for dierent strain rates is signicant. Furthermore, at higher
strain rates, the RD model predicts strain hardening; this is common in
crystalline materials, but seldom found in amorphous material. This result
indicates that the RI model is a more appropriate choice for the current
study.
















Strain rate=0.01/s, Rate independent model
Strain rate=10/s, Rate independent model
Strain rate=0.01/s, Rate dependent model
Strain rate=10/s, Rate dependent model
Figure 5.15 Stress-strain curve for rate-dependent/rate-independent model at
dierent strain rate
Quasi-static compression test
Simulations of quasi-static compression of samples are run, based on
three dierent degrees of crystallinity to validate the proposed model. For
static compression, the heat generated by plastic dissipation has sucient
time to conduct away. Therefore, isothermal conditions are assumed, i.e.
_ = 0. The simulations corresponding to S1(vf = 41%), S2(vf = 50%)
and S3(vf = 63%) are denoted as N1, N2 and N3, respectively. The nom-
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inal stress-strain curves from simulation results are plotted in Fig. 5.16,
together with the experimental results for the three crystalline volume frac-
tions, and there is a good match. Moreover, since catastrophic failure of
BMG/BMGC material is caused by local softening, it can be viewed as
competition between the hardening of local resistance provided by the crys-
talline phase, and softening caused by the creation of free volume. Recalling
















The physical meaning of Eq. (5.17) is that when the free volume reaches
a certain value, the material begins to soften. This yields a simple frac-
ture criterion for BMGC material. The 'X' on the N2 and N3 curves in
Fig. 5.16 represents the points where softening begins, which are almost
identical with experimental results. However, for N1, since the material
fails much earlier, before stress plateaus, this fracture criterion is not valid.
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Therefore, the proposed model is best suited for BMGC material which
shows extensive plastic deformation, whereby the stress reaches a plateau.
This simulation shows that the proposed model is able to reproduce the









Figure 5.16 The nominal stress-strain curve for experimental and simulation re-
sults
Dynamic compression test
Previous experimental results show that the La-based BMGC mate-
rial studied itself is rate-independent in the quasi-static range. However,
dynamic compression promotes earlier generation of one or more major
shear bands, and will decrease the ultimate stress a little compared to static
compression. This will present diculties to use of the continuum model,
since this dierence is actually the result of a change in micro-mechanism,
which is not considered in the model. However, the IR thermographs in
Fig. 5.12 show that the deformation pattern for dynamic compression is
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still macroscopic homogeneous; this observation indicates that the contin-
uum model is still valid for dynamic loading, and motivates the assumption
that the limiting resistance c is not only a function of free volume , but
also a function of strain rate _, i.e. c = c^(; _). The main focus of this sec-
tion is to identify and explain some physical processes rather than merely
to obtain an exact t. Hence, in order to limit the number of parameters
and for simplicity, only a new limiting resistance c0 = 884MPa is adopted
to t the plateau stress for dynamic simulation. Furthermore, for the ther-
mal perspective, since time is too short for heat to be conducted away for
dynamic loading, the process can be assumed to be adiabatic during the
entire deformation, i.e. kth = 0.
The simulated and experimental stress-strain curves for dynamic com-
pression at a strain rate of 200=s is shown in Fig. 5.17, for BMGC with
vf = 50%. These two results match very well. The variation of average
temperature  with strain is also plotted in Fig. 5.18, to study the tem-
perature prole within the material during deformation. The experimental
results are from the high speed IR thermographs in Fig. 5.12. Because of
limitations in the spatial and temporal resolutions of the IR camera, only
two instants points are available - i.e. at the beginning of test ( = 0), and
after unloading ( = 0:04). The solid line represents the simulation results
and shows that the temperature increase is around 1:6K at a strain of 0.04;
this matches approximately with the temperature prole acquired from ex-
periments. However, since the heat generated by deformation is negligible,
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the relative measurement error may become large. The proposed model
only demonstrates its the potential for studying heat generation and tem-
perature change, but more precise experiments are needed to calibrate the
temperature-related parameters in future work.

















Figure 5.17 Stress-strain curve for dynamic loading (strain rate 200/s)





















Figure 5.18 Temperature increase for dynamic loading (strain rate 200/s)
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Eect of heat generation
To check how the temperature increase inuences the mechanical be-
haviour of BMGC, another simulation is carried out assuming adiabatic
conditions at low strain rates. Fig. 5.19 shows how the temperature in-
crease during deformation will inuence the material behaviour. The solid
line is the stress-strain curve for adiabatic conditions, and the dashed line
is the stress-strain curve for isothermal conditions at the same strain rate.
These two curves are almost identical, except for minor dierences caused
by thermal stress; this dierence can be ignored4.

















Figure 5.19 Stress-strain curves for compression under isothermal/adiabatic con-
ditions
4It should be emphasized that this conclusion is only valid for homogeneous defor-
mation at room temperature. For catastrophic shear band, the temperature will become
signicant.
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5.5 Conclusion
In this chapter, experiments to study the compressive mechanical be-
haviour of La-based in-situ BMGC with dierent degrees of crystallinity, at
dierent stain rates, are described. The deformation micro-mechanism is
found to be similar to earlier research work [85] on Zr-based in-situ BMGC
with crystalline dendrite reinforcement. The material does not exhibit rate
sensitivity at low strain rates, but for dynamic compression, the ultimate
stress decreases a little because of adiabatic heat generation by plastic de-
formation, and this may cause earlier major shear band propagation. This
results in catastrophic fracture, and a coarser and more uneven fracture
surface. A large-deformation rate-independent thermo-mechanical consti-
tutive model is established based on the framework described in Chapter 3.
The simulation results demonstrate the potential of this model to describe
other classes of BMGC. In the current work, the material parameters for
dierent degrees of crystallinity are calibrated by experiments on material
samples with dierent crystalline volume fraction. No simulations of other
modes of loading have been performed. The ability to predict material
response for dierent loading conditions should be veried by experiments.
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Chapter 6. Failure and shear band analysis
of BMG under static and dynamic loading
6.1 Introduction
Although BMG material can exhibit high yield strengths and a large
Young's modulus, it can also display catastrophic failure after yielding, via
shear banding. This characteristic has motivated extensive study into the
nature of such shear bands and the failure mechanisms of BMG. However,
because of limitations in experimental techniques, the precise nature of
BMG failure remains unclear. Furthermore, recent experimental results
[23, 24, 31, 32, 62, 65{72] indicate that dierent classes of BMGs possess
dierent failure mechanisms and fracture behaviour. This motivates fur-
ther experimentation to obtain a better understanding of the deformation
mechanisms in BMG material.
In this study, various experimental techniques are combined, and hier-
archical multi-scale modelling of heat conduction is undertaken to examine
the failure of La-based amorphous alloys. This includes the eect of strain
rate, temperature distribution prole and shear band characteristics. To
date, there appears to be no published information on shear band temper-
ature characterisation and dynamic constitutive behaviour of this class of
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BMGs. The present investigation contributes to a better understanding of
deformation in this type of material.
6.2 Material fabrication and testing
Monolithic La62Al14Cu12Ni12 amorphous alloy was prepared by arc-
melting a mixture of La (99.9%), Al (99.9%), Ni (99.98%) and Cu (99.9999%)
in an argon atmosphere. The molten alloy was then injected into a copper
mold to produce ingots. The as-cast ingots were machined into small cylin-
drical specimens of 4mm diameter. Samples with two aspect ratios were
fabricated - 1:1 and 2:1 - for both static and dynamic compression tests,
to ascertain whether there is a size eect. The amorphous nature of the
microstructure was examined by X-ray Diraction (XRD).
Compression tests at quasi-static strain rates were performed using
an Instron 8874 universal testing machine. The specimen contact surfaces
were lubricated using molybdenum disulphide (MoS2) to reduce friction,
and the strain rates ranged from 5 10 4=s to 5 10 2=s, which were ob-
tained from strain gauges mounted on the specimens. Dynamic compres-
sion tests were conducted using a Split-Hopkinson Pressure Bar (SHPB)
device. Since the material is brittle and fails at small strains, pulse shaping
was used to enhance the reliability of results. Annealed copper disks were
employed as pulse shapers, and inserted between the striker and the input
bar to promote stress equilibrium and a constant strain rate before fracture
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occurs. The brittle nature of the material results in early catastrophic fail-
ure (around 15s  25s after loading), which limits the strain rate that
can be imposed. In the tests, the strain rates ranged from 600=s  1500=s.
High-speed optical and infrared (IR) cameras were used to capture features
of the shear bands at fracture. The fracture surfaces were observed using
eld emission scanning electron microscopy (FE-SEM).
6.3 Analysis of Results
6.3.1 Shear band characteristics
Fig. 6.1 shows a typical quasi-static compressive stress-strain curve
for La62Al14Cu12Ni12 BMG alloy. It indicates that there is essentially no
plastic response, and the sample fails by catastrophic fracture. To investi-
gate the failure process in more detail, an optical high-speed camera was
used to capture images of the shear band for static and dynamic compres-
sion, as shown in Fig. 6.2 and Fig. 6.3 (the time intervals between the
images are approximately 7s and 4s, respectively). The instants the
images correspond to are indicated, and t0 is a reference time. These show
clearly how the shear bands initiate and propagate to the point of fracture;
the process is accompanied by the emission of sparks, indicating a large
temperature increase within the shear band, and the entire duration spans
just tens of microseconds. It is noted that the fracture patterns for static
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and dynamic loading dier. Under quasi-static loading, only one major
shear band is evident. However, for dynamic loading, catastrophic failure
occurs by fracture of the sample into several fragments. Fig. 6.4 illustrates
the fracture of dierent samples under dynamic compression, and shows
that this fragmentation response is consistent - i.e. multiple shear bands
are generated instead of only one in static loading.


















Figure 6.1 True stress-strain curve for static compression
(a) (b)
(c) (d)
0 7t t sµ= +
0 14t t sµ= + 0 21t t sµ= +
0t t=
Figure 6.2 Optical images of shear band evolution for static compression
Fig. 6.5 shows SEM images of dierent regions on a fracture surface of
a sample after static compression. The vein pattern morphologies indicate
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0 4t t mµ= +0t t=
0 8t t mµ= + 0 12t t mµ= +
Figure 6.3 Optical images of shear band evolution for dynamic compression
(a) (b)
(c) (d)
Figure 6.4 Multiple fragmentation in dierent samples subjected to dynamic
compression
micro-plasticity at fracture, while the U-shaped dimples (indicated by the
white arrows) reveal the direction of plastic ow, which corresponds to
the black arrows in the gure. How the shear band propagates and how
the heat generated inuences plastic ow can be clearly seen. The entire
fracture surface can be divided into three regions, and the locations of these
areas on the fracture surface, as well as the ow direction, are shown in
Fig. 6.5(a). Fig. 6.5(b) displays a regular strip-like vein pattern, which
denes the commencement of shear band initiation, when heating at this
location is not obvious. Fig. 6.5(c) corresponds to an area where the heat
generated by plastic deformation has accumulated within the shear band
and become signicant; there is a clear transition from a regular strip-
pattern to large irregular dimples. In Fig. 6.5(d), heating within the shear
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band is signicant and aects the deformation; hence, the plastic ow is
quite dierent from that in region (b). The large dimples and molten
droplets indicate that heating in this region is substantial and has altered
the material behaviour during shear band propagation. However, although
the dimple pattern is irregular, the dimple direction is still consistent, and










Figure 6.5 Regions in fracture surface after static compression
Fig. 6.6 shows SEM images of a fracture surface after dynamic com-
pression. Although it also has a dimple-like morphology like the fracture
surface for static compression, the details are quite dierent. Fig. 6.6(a)
shows a localised area of the fracture surface, and the arrows identity the
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strip pattern directions. Fig. 6.6(b) is a magnication of area (b) in Fig.
6.6(a); the arrows indicate the direction of the U-shape dimples. They
show that these U-shape dimples no longer align with the direction of the
strip pattern. Furthermore, Fig. 6.6(c) and the magnication of area (d)
in Fig. 6.6(d) show that it is almost impossible to identify the ow direc-
tion through the dimple structure. From Fig. 6.5 and 6.6, it can be seen
that the vein-pattern for a statically-compressed sample has a more uni-
form direction compared with the dynamically-compressed sample, which
indicates that the stress distribution inside the dynamically-loaded sample





Figure 6.6 Fracture surface after dynamic compression
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6.3.2 Heat evolution in a shear band
Earlier researchers have done some work on evaluation of the tem-
perature rise within the shear band at fracture, from both experimental
and numerical studies. However, most of these studies focused on Zr-based
BMG, and there is little information on La-based amorphous alloys. Fur-
thermore, since the dimensions ( 20nm) and time scale ( 1s) of a shear
band and its formation are small compared with the frame speed of infrared
(IR) cameras, direct measurement of the temperature in a shear band is not
totally reliable. Therefore, the present investigation seeks to provide some
details by estimating the temperature prole in a shear band with a heat
conduction model and the aid of high-speed IR thermography for La-based
BMG. It is generally accepted that a shear band can be considered a planar
heat source [63]; a simple conclusion is that the temperature gradient in
a small region near the shear band is normal to it - i.e. the x direction
shown in Fig. 6.7(a). This enables simplication of the heat conduction
in a 3D sample to 1D analysis. Furthermore, symmetry of the shear band
reduces the 1D model to half the geometry, starting from the mid-plane of
the shear band, which has the highest temperature during the process.
Hence, a two-stage 1D hierarchical multi-scale model of heat evolution
is established, as shown in Fig. 6.7(b), in which ts1 and ts2 are the time
durations of Stages 1 and 2 respectively. lsb is the half-width of the shear
band, lmeso is the meso scale length of this model and l is the length of
158
Chapter 6. Failure and shear band analysis of BMG under static and dynamic
loading
the whole sample. In the region x 2 [0; L], where L is the length of the
region, the governing heat conduction equation for this analysis assumes
the well-known form:




T represents the temperature eld and ; c and k are the material density,
specic heat capacity and thermal conductivity, respectively; _r is the heat

















Figure 6.7 1D hierarchical multiscale model
Stage 1 commences at the beginning of shear band initiation (t =
0). During shear band evolution (t 2 (0; tc), where tc is the shear band
evolution time), the heat generation power term is dened by _r =  _,
where  is the critical shear stress and _ the plastic shear strain rate.
 is the Taylor-Quinney coecient representing the ratio of mechanical
work converted to heat, which is taken to be 1 for simplicity [135]. When
catastrophic fracture occurs at t = tc, further plastic dissipation ceases,
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resulting in _r = 0 thereafter. A short settling time is then incorporated
for heat conduction to take place before proceeding to the next stage. A
settling time of tr = 2s is prescribed, as this is of the same order as the
shear band evolution time. Hence, the total time for Stage 1 is ts1 = tc+ tr.
The initial condition for this stage is:
T j(x;t=0) = Te












In Stage 2, the initial sample temperature prole at t = 0 is taken as
the sample temperature prole at the end of Stage 1. The natural boundary





= h(T j(x=0;t)   Te)
This means that the fracture surface is exposed to the air, where h is the
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Stage 2 has a much larger length and time scale, which allow the
results to be compared with experimental data. As a result, the total time
for Stage 2 is taken to be ts2 = 6ms, which is long enough for the high-speed
IR camera to capture sucient data, yet short enough to be simulated
with the assumption that heat loss to the environment is negligible. In
some experiments, the fractured portion rotated suciently to face the IR
camera; this enabled the fracture surface temperature to be recorded. The
temperature prole on the fracture surface was captured for the time period
up to about 6ms after fracture, at time intervals between images of about
0:3ms. The maximum temperature values in these IR images are taken
as representative of the fracture surface temperature, since they are least
inuenced by the external environment.
The material parameters are determined as follows: the density  =
6000kg=m3 is obtained directly from measurement of the mass and volume
of samples; the specic heat capacity c = 424J=(Kg  K) and thermal
conductivity k = 5:6W=(K m) correspond to La-based BMG in [30], while
the failure shear stress is taken as half the axial failure stress for static
compression, which leads to  = 300MPa. The duration of the shear band
formation and evolution is assumed to be 2s as a rst-approximation; this
is discussed later. The shear band width is taken to have a nominal value
of 20nm [29, 136]; i.e. the half-width of the shear band in the model is
lsb = 10nm. The characteristic length in a heat conduction problem can
be evaluated by 2
p
t, where  = k
cp
is the thermal diusivity. Hence,
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a meso length scale of lmeso = 20m is adopted, which is several times
the characteristic length. Applying the same approach, the total length
of the shear band model is taken to be l = 1mm, which is suciently
long to minimise the inuence of the far-end boundary, yet short enough
to limit computational time. A nite dierence method with a FTCS
(Forward-Time-Central-Space) scheme is used to discretize and solve the
parabolic partial dierence equation (PDE). The only unknown parameter
is the shear strain rate, which is dicult to measure directly. A value of
_ = 2:8  109=s is selected to obtain a good t with experimental data.
The temperature evolution of the fracture surface is plotted in Fig. 6.8
(a) and (b) for Stage 1 and 2, respectively. They show that the highest
temperature within the shear band is roughly 5300K when fracture occurs
at t = 2s; this is a very high temperature.
The rst stage encompasses the entire shear band evolution process.
Fig. 6.9 shows the temperature prole within the model as a function of
time. It indicates that that before fracture (t  2s), the highest tempera-
ture within the shear band increases rapidly because of plastic dissipation,
and the peak value is around 5300K at fracture (t = 2s). Thereafter,
there is no heat source, so the system can be deemed to be a purely heat
conduction problem. Fig. 6.9 illustrates that the diusion range is much
larger than the shear band thickness. This is dierent from traditional
adiabatic shear band theory for crystalline materials, which assumes that
material softening comes from thermal softening, since there is insucient
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(a) Fracture surface temperature evolution for
stage 1



















(b) Fracture surface temperature evolution for
stage 2
Figure 6.8 Temperature evolution on the fracture surface
time for heat to conduct away; hence, this thermal eect is the main reason
for strain softening [49]. In contrast, the present results support the occur-
rence of abrupt fracture that arises from structural instability generated by
initiation of free volume and activation of STZ caused by rearrangement
of atoms. This leads to the conclusion that shear banding in BMG cannot
simply be considered as 'adiabatic', since heat conduction plays a signi-
cant role during shear band evolution. Heat generation is the result of rapid
shear band propagation within a small region (which also contributes to
local softening).
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Figure 6.9 Temperature prole at dierent instants of time
The heat source _r and shear band evolution duration are the key
parameters in the proposed model, and govern the nal temperature. As
a result, the shear band evolution duration will determine the maximum
temperature reached. The optical images in Fig. 6.2 and Fig. 6.3 indicate
that the shear band evolution duration for La62Al14Cu12Ni12 cannot exceed
7s. Hence, various shear band evolution times smaller than this limit are
examined to calculate the corresponding maximum temperature rise. The
results can be tted by the expression T = 11:936 t 0:465; this power law
yields a linear relationship in logarithmic coordinate axes, and is plotted
in Fig. 6.10. The gure shows that the relationship between temperature
distribution and shear band duration, as well as the corresponding max-
imum temperatures attained (2000K  8000K). These estimated values
are of the same order as those reported by Lewandowski and Greer [63].
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Figure 6.10 Maximum temperature within shear band for dierent evolution
time
6.3.3 Eect of strain rate on BMG
It is generally recognised that the strain rate aects the response of
crystalline materials, and is possibly associated with dislocation movement,
twinning and adiabatic shear banding [137, 138]. However, because of the
amorphous nature of BMG, there is yet no accepted description of the
mechanism for strain rate sensitivity on its mechanical response. There is
discussion on strain rate eects at room temperature, and it is accepted that
this rate sensitivity varies with chemical composition and microstructure.
Therefore, experiments involving strain rate as a parameter is instructive
in obtaining a better understanding of rate eects for dierent BMG alloys.
Fig. 6.11 summarises the static and dynamic compressive yield stress
for La62Al14Cu12Ni12 BMG alloy samples of 4mm and 8mm length at dif-
ferent strain rates. For static loading, the yield stress is approximately
constant, with only a small variation around 650MPa. The behaviour of
the 4mm samples is similar to that of the 8mm ones, which indicates that
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no extrinsic size eect is evident. However, a detailed analysis shows that
the yield stress of 8mm samples seems somewhat more consistent than that
of the 4mm samples. This is because the 8mm samples are less aected
by interfacial friction at their ends, whereas 4mm samples, with an aspect
ratio of 1:1, could possibly tend more to plane strain conditions. For dy-
namic compression, the yield stress displays an obvious decrease with strain
rate, which indicates that La62Al14Cu12Ni12 BMG alloy has negative rate
sensitivity. The mechanism for this is now discussed.


















































Figure 6.11 Yield stress at dierent strain rate
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6.4 Rate sensitivity characteristics
Some researchers have studied strain rate eects on BMGs of dier-
ent compositions at room temperature [23, 24, 31, 32, 62, 65{72]. The
inuence varies for dierent BMG alloys, and the rate sensitivity could be
positive, negative, or neutral; details have already been reviewed in Chap-
ter 2. In the present study, no micro shear band initiation before yield
is evident. The creation of several fragments at fracture indicates that
multiple shear bands were generated within the sample at dynamic strain
rates. At low strain rates, a single shear band can quickly accommodate
the applied strain, which leads to the sample fracturing via only one major
shear band. When the strain rate is suciently high and exceeds a critical
value, a single shear band does not have enough time to propagate and the
strain energy also does not have adequate time to dissipate. As a result,
the sample will deform continuously and a second or third shear band will
initiate, as shown in Figs. 6.3 and 6.4. Furthermore, inhomogeneous stress
distribution inside the sample, associated with stress concentration, con-
tributes to the negative rate sensitivity. Under quasi-static compression,
uniform axial stress is applied and the specimen is in equilibrium at all
times, so the stress distribution is essentially homogeneous. As a result,
the fracture surface in Fig. 6.5 shows a uniform ow pattern. Under dy-
namic loading, the stress within a specimen may not be uniform, especially
for brittle materials which fail early. This local non-uniformity inuences
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the stress distribution, and generates stress concentrations within the sam-
ple. The resulting heterogeneous stress distribution may be the reason
for the arbitrary ow direction patterns on the fracture surface shown in
Fig. 6.6. Moreover, impurities or defects inside a sample will promote
stress non-uniformity, and thus result in early material failure compared
to static loading. Dierences in the fracture surface for quasi-static and
dynamic loading, shown in Fig. 6.5 and 6.6, support this assertion. The
randomly distributed vein pattern directions for dynamic loading indicates
a non-uniform stress distribution compared to static loading.
6.5 Conclusion
This chapter described quasi-static and dynamic compression tests
on amorphous alloy La62Al14Cu12Ni12, to examine the failure mechanism
for this type of BMG. The material shows no rate sensitivity under quasi-
static loading, and negative rate eects for dynamic compression. This
negative rate sensitivity is attributed to the occurrence of non-uniformity
of stress, as well as stress concentrations induced at high strain rates; these
are aggravated by impurities and defects within the amorphous material.
Stress concentrations reduce the macroscopic yield strength signicantly,
and generate heterogeneous stress distributions inside the material. For
dynamic compression, the strain energy stored in the sample has no time
to relax at fracture, and continued deformation after initiation of fracture
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leads to multiple shear band formation. The temperatures within a shear
band have also been estimated by hierarchical multi-scale modelling, and
the results indicate a rise to the order of 103K at fracture. The experimental
and simulation results also show that adiabatic shear banding is not the
main reason for the softening behaviour and failure observed.
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This work commenced with the proposition of a 3-dimensional large-
deformation thermo-mechanical constitutive framework, based on balance
laws and thermodynamic principles. A non-local theory was proposed by
introducing a gradient term in the free energy function, to study the size-
eect of metallic glasses. To incorporate this model into an FEM code
developed in-house, a weak form of the free volume evolution law was devel-
oped, and a gradient calculation method (GCM) was proposed to determine
the non-local force term. After validation by benchmarks, this model was
used to study two types of size-eect for nano-sized MG. Type A implies
that small metallic glass samples can exhibit post-yield work-hardening,
while Type B indicates that the yield strength of small-volume metallic
glass varies with sample size. Numerical and theoretical analyses showed
that the Type A size-eect is caused by imposition of suitable microscopic
boundary conditions, while the Type B size-eect is governed by the initial
heterogeneous free volume distribution pattern.
The constitutive framework was then modied to study the mechani-
cal behaviour of a recently-developed in-situ La-based BMGC, and various
experiments were undertaken. Specimens were prepared and compressed
at quasi-static and dynamic strain rates. It was found that no rate-eect is
evident for this type of material under quasi-static compression, but nega-
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tive strain rate-eect was observed in the dynamic region. This is because
of adiabatic heat generation by the plastic deformation, which may cause
earlier major shear band propagation. It was also found that dynamic load-
ing can cause a coarser and more uneven fracture surface, compared to that
for quasi-static loading. The eects of degree of crystallinity was also inves-
tigated. A homogenization approach was adopted to describe the material,
and a large-deformation rate-independent thermo-mechanical constitutive
model based on the constitutive framework to study La-based BMGC, was
proposed. Simulations were compared with experimental results to demon-
strate the potential application of this model to study various classes of
BMGC.
The failure response of monolithic BMG was also analysed. Sam-
ples of La-based BMG were subjected to both quasi-static and dynamic
compression to study the eect of strain rate on this type of material. A
high-speed optical camera was used to capture visual images of shear band
initiation, and a hierarchical multi-scale temperature evolution model was
proposed to evaluate the temperature prole of shear bands.
The following aspects could be considered for possible future work:
• From a numerical perspective, an implicit time-integration scheme
should be developed for this large deformation constitutive frame-
work, since this can signicantly increase calculation eciency. To
achieve this, it is essential to solve the material Jacobian matrix un-
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der the large deformation framework. Numerical treatment is also
required to solve the stability problem for softening in an implicit
algorithm.
• The size-eect phenomenon illustrated in this work can well explain
some of the current nano-sized experiments for BMG. However, be-
cause of the limitations of experimental technologies on such small
scale, little experimental data is available; this also limits the possi-
bility of calibrating material parameters accurately. In future work,
more work is required to undertaken on experiments for small-sized
BMG material.
• More experiments (tension/bending/indentation/thermo) should be
carried out to study the behaviour of dierent types of BMG com-
posites, and to verify the proposed constitutive model. Transmission
electron microscopy (TEM) can be used to further investigate the
micro-mechanism of BMGC deformation. More precise experiments
and theoretical work would serve to calibrate the material parameters
for dierent types of material. Estimation of the temperature prole
at fracture is also a challenge for BMG composites.
• For BMG/BMGCmaterials, the major shear band propagates rapidly
at fracture. The time scale of the homogeneous deformation is in
seconds, but the time scale of shear band propagation is in nano-
seconds. This large gap limits the describing of whole deformation
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process in one simple model. In order to capture the properties of
shear band in detail, only continuum method is insucient; combined
atomic-continuum multi-scale modelling is required.
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Appendix A. Development of a rate-independent
model
In this Appendix, the plastic strain increment, i.e. , is derived
using the yield function and consistency condition proposed in Chapter 5,
which are given by
 =    c
_ _ = 0
(A.1)
Considering the occurrence of plastic deformation, i.e. _ 6= 0; taking the
time derivative of the yield function on both sides yields
_ = _   _c = 0)  = c (A.2)
Denoting t as the current time, t is an innitesimal time increment, and
 = t + t. Since  (t) =  (t)   c (t) = 0 , the consistency condition is
dened by
 () =  ()  c () = 0 (A.3)
where the resistance c at time  has the form







Consider the constitutive relationship
Te () = C [lnUe ()] (A.5)
and the Kroner-Lee decomposition
Fe () = F ()Fp 1 ()
) Re ()Ue () = F ()Fp 1 (t)| {z }
Fe()trial
[I tLp ()] (A.6)
Denoting Fe()trial as the trial elastic stretch,
Re ()Ue () = Fe()trial [I tLp ()]




Since Lp is a pure stretch tensor without rotation, the following relationship
must hold
Re () = Re()trial










Taking the logarithm of both sides of Eq. (A.8)b yields
















Multiplying both sides by the 4th-order elastic tensor















Since ln (1 + e)! e when e approaches 0, Eq. (A.10) can be simplied to



















devTe () : N () (A.12)







Te()trial  p2N ()   I

: N ()


















According to classical rate-independent plasticity, the trial plastic ow di-
rection is identical to the true ow direction at the same instant, i.e.
N() = N()tr =
dev(Te()tr)
kdev(Te()tr)k (A.14)
Substitution of Eq. (A.14) into (A.13) yields






devTe()trial is the trial equivalent stress.
Substitution of Eq. (A.4) and (A.15) into (A.3) yields






Hence, the incremental plastic strain can be solved by
 =









Appendix B. Explicit time-integration pro-
cedure
In this Appendix, the time-integration procedure for the proposed
large-deformation rate-independent constitutive model is described. Let
t denotes the current time, t is an innitesimal time increment, and
 = t+t the next instant of time. The algorithm is as follows:
Given: (1) fF(t);F();Fp(t)g (2) f(t); (t); c(t)g
Calculate: (a) fT();Fp()g (b) f(); (); c()g
The steps used in the calculation procedure are:
Step 1. Calculate the trial elastic component of deformation gradient









Step 2. Calculate the trial elastic stress, trial equivalent shear stress
and trial hydrostatic pressure:


























Step 5. Calculate the equivalent shear stress and hydrostatic pressure:
() = ()trial   
p() = p()trial + 
Since t is very small in the explicit method, for simplicity of calculation,
it can be assumed that
() = ()trial
p() = p()trial
Step 6. Calculate the increments in free volume and internal resis-
tance:


















() = (t) + 
c() = c(t) + c
Step 7. Calculate the elastic stress:



















Step 9. Calculate the Cauchy stress:
T() =
1
J()
Re()Te()ReT ()
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